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1. Introduction 

The starting point for this paper is the operation of conjugation on finite dimen- 
sional objects in a strict tensor C*-category. The terminology derives from group 
theory where to every unitary representation of a group there corresponds a conju- 
gate representation defined on the conjugate Hilbert space. It includes as a special 
case the notion of conjugate endomorphisms of a C*-algebra which was effectively 
first introduced in [5], Thm. 3.3. If wc look on a C*-algebra as a C*-category with 
a single object then an endomorphism becomes an cndofunctor and the conjugate 
endomorphism is just the left (and indeed the right) adjoint endofunctor. In this 
sense, the concept is just a special case of the concept of adjoint functor. The 
notion of conjugate objects in a strict tensor C*-category is also not really new 
either since it is implicit, for example, in the notion of dual object in [26]. 

When conjugates are understood in the sense of adjoint functors then the objects 
in question are necessarily finite dimensional in a sense which will be made precise. 
In the case of von Neumann algebras it corresponds to the finiteness of the index 
first introduced by Jones [11]. The relation between the index and the square of the 
dimension was first established in [14] whereas the concept of dimension goes back 
to [4] where it was referred to as the statistical dimension and defined using the 
permutation symmetry on the strict tensor C*-category. This had the great merit 
that the existence of conjugates for finite dimensional objects could be established. 
However, although it was clear that the dimensions of objects with conjugates 
were independent of the choice of permutation symmetry it was not clear that the 
dimension could be defined in the absence of any permutation symmetry and hence 
made sense in any strict tensor C*-category. Again there is a related notion of the 
rank of an object with a dual defined for symmetric tensor categories [26] whose 
definition again involves the permutation symmetry and which, in general, depends 
on the choice of that symmetry. 

In Section 2, the properties of conjugation are developed for finite dimensional 
objects in a strict tensor C*-category. In particular we show how there is a related 
notion of conjugation on arrows and associated left and right scalar products on 
the category. We introduce the notions of left and right inverses for objects and 
prove an analogue of the Pimsner-Popa inequality [21], already established in the 
particular context of [4]. 

In Section 3, the dimension is introduced in the special case that the tensor 
unit is irreducible and shown to be additive on direct sums and multiplicative 
on tensor products. It is therefore a Perron-Frobcnius eigenvalue. It can also 
be characterized by a property of minimality related to the concept of minimal 
index. As a consequence a strict tensor *-functor cannot increase dimensions. We 
introduce the Jones projections associated with conjugation and conclude that the 
range of the dimension has the same a priori restrictions as the square root of the 
Jones index. Associated with the dimension there is a canonical trace defined on 
the full subcategory of finite dimensional objects. 

In Section 4, we briefiy consider the status of conjugates and dimension in a 
braided tensor C*-category showing that the braiding gives rise to a central element 
K and that the braiding is automatically compatible with conjugates. 

In Section 5, we study model endomorphisms canonically associated with an 
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Op associated with an object p in a strict tensor C*-category introduced in [6]. 
When d{p) < oo, the canonical trace defines a trace on the grade zero subalgebra 
which hence extends to a unique gauge invariant state on Op. This state is shown 
to be a KMS state with respect to gauge transformations. Taking a weak closure in 
the corresponding GNS-representation gives a von Neumann algebra M.p associated 
intrinsically with p. Aip, like Op, comes equipped with a canonical endomorphism 
p. An important role is played here by a notion of amenability inspired by Popa's 
notion of a strongly amenable inclusion of factors. Roughly speaking amenability 
means that if we pass from p to p there are no new intertwining operators. In fact, 
the theory is developed in greater generality, replacing the standard left inverse 
which defines the canonical trace by an arbitrary faithful left inverse to get a von 
Neumann algebra Ai^p equipped with a canonical endomorphism. We illustrate our 
notion with examples. 

In Section 6, we present applications to subfactors and the duality theory for 
finite dimensional Hopf algebras. We introduce the notion of abstract Q-system, 
a categorical version of the Q-systems introduced in [18]. We show that there is 
a 1-1 correspondence between isomorphism classes of amenable Q-systems and of 
standard AFD inclusions. 

Section 7 has quite a different goal: the formalism of tensor C*-categories is not 
sufficiently general to cover all interesting applications. Instead, we need to use 
2-C*-categories. This generalization presents no difficulties and has been deferred 
to Section 7 merely to avoid concepts that are superficially technical. Here we 
present examples of 2-(7*-categories to illustrate the range of the resulting theory. 
We then generalize the basic notions of conjugation and dimension, again providing 
some key examples to illustrate the utility of this approach. Finally, it is shown 
in an appendix how a 2-C*-category can completed so that it has subobjects and 
(finite) direct sums. 

This paper by no means exhausts the basic themes of conjugation and dimen- 
sion so we would like to conclude this introduction with some comments on work 
in progress. In the first place, although, in defining dimension, we have restricted 
ourselves to the case that the endomorphisms of the tensor unit i reduce to the com- 
plex numbers, the definitions used and examples presented in [6] already establish 
the need for a more general notion. In the course of this work, it has on occasions 
proved irksome to have to add the hypothesis that a von Neumann algebra is a 
factor just to be able to talk about the dimension of an endomorphism. However, 
although a notion of dimension can in fact be developed in more generality on 
the basis of the ideas presented here, there may still be room for improvement so 
details will be deferred to a sequel. Again our notion of conjugation in terms of 
adjoint functors is restricted to the finite dimensional case despite the fact that the 
notion of conjugate representation makes sense in infinite dimensions and the fact 
that conjugates always exist for normal endomorphisms of von Neumann algebras 
[15]. We propose to give a general definition covering the infinite dimensional case 
elsewhere. Although the results on inclusions we have obtained in Section 6 using 
the canonical endomorphism are relatively complete in themselves, it would still 
be of interest to treat the inclusion directly as a o-unit in an appropriate 2-C*- 
category. It would furthermore be of interest to look at duality at the level of 
abstract Q-systems. 
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2. Conjugation in Tensor C*— Categories 

In this section we will work with strict tensor C* -categories, called strict monoidal 
C*-categories in [6], §1, where the formal definition may be found-^. The change 
in name is justified since the set of arrows between two objects is automatically a 
linear space and opportune because of the popularity and familiarity of the term 
tensor as opposed to monoidal. Briefly, such a category T with objects denoted 
by p, (T, r, etc. has a space of arrows between p and ex, (p, cr), which is a complex 
Banach space. Composition of arrows denoted by o is bilinear and the adjoint * 
is an involutive contravariant functor acting as the identity on objects. The norm 
satisfies the C*-property: ||i?*oi?|| = This makes T into a C*-category. To be 

a strict tensor C*-category, we need an associative bilinear bifunctor : TxT — T 
with a unit t and commuting with *. To save space and render expressions more 
legible, the functor ® applied to a pair of objects p and a will be denoted simply 
per rather than p cr as would be more conventional. 

We begin by defining the notion of conjugation for finite dimensional objects of 
an arbitrary strict tensor C*-category T . This will eventually lead us to a notion 
of dimension related to the Jones index. We define a full subcategory 7/ of T as 
follows: an object p of T lies in 7} if there is an object p of T and R e (t, pp) and 
R E {i, pp) such that 

R* ®lpOlp® R=lp; R* ®lp o Ip ® R=lp. 

Here i denotes the tensor unit in T . The definition is symmetric in p and p so that 
p is also an object of 7/. The above equations will be referred to as the conjugate 
equations and p will be said to be a conjugate for p. In essence, the above condition 
means that p is finite dimensional. However, one should bear in mind that p 
may fail to be an object of Tf because its conjugate, although existing in a larger 
C*-category containing T as a full tensor *-subcategory, fails to exist in T. For 
this reason, it is advisable to choose T from the outset so that it contains all the 
necessary objects. In particular, it is wise to take T to have subobjects and (finite) 
direct sums. 

Actually, as was pointed out in [5], the basic mathematical concept underlying 
the notion of conjugation is that of adjoint functor. If p and p are objects in a 
tensor C*-category, then the functor of tensoring on the left by Ip has the functor 
of tensoring on the left by Ip as a right adjoint precisely when we can find R and R as 
above. The condition for adjunction takes on such a simple form because a tensor 
C*-category has a tensor unit and a *-operation and because of the particular 
nature of the functors involved. The symmetry between p and p shows that Ip® 
is also a left adjoint for Ip®. The same conditions are also equivalent to ®lp 
being a left (or right) adjoint to ® Ip. From the better known alternative equivalent 
definition of adjoint functors it follows, as can easily be verified, that p is a conjugate 
for p if and only if there are isomorphisms v.r '■ {p(^i t) — > (cr, pr) natural in a and 

T. 

To make the basic construction explicit, we state it in the form of a lemma: 



■"^It is convenient to consider only strict tensor categories because the generality achieved by 



5 



Lemma 2.1. If R, R satisfy the conjugate equations for p, then for any pi and 
P2, the maps 

S ^ip S o R 0ip^, Se(ppi,p2), 
S' ^ R* ® Ip^o ip ® S', S'e{pi,pp2). 
are inverses of one another. Similarly, 

T^T ®l-polp^ ®R, Te{pip,p2), 

T' ^ Ip, ® R* oT' ^ Ip, T' e (pi, P2P) 
are inverses of one another. 
Proof. 

lp®R* ® olpp®S'oR® = \p®R* ®\p^oR® Ipp^ oS' = lpp2 oS' = S', 

R* 0lp^olpp0 S olp0 R^lp^ = S o R* ® Ipp^ olp0 R^lp^ = S o Ipp^ = S. 

In the special case of group representations, this is in essence the Probenius 
Reciprocity Theorem. 

Prom the above lemma it follows in particular that any Ri e [l., pip) is of the 
form i?i = X (8) Ip o i? for a unique X e (p, pi) and Ri also defines a conjugate 
for p if and only if X is invertible. The corresponding e (i, ppi) is given by 
Ri = lp® X*~^ o R. Similarly, any R' G (t, pp') is of the form R' = Ip ®Y o Rior 
a unique Y G (p, p') and R' defines a conjugate for p' if and only if Y is invertible. 
The corresponding R! G {i,p'p) is given by = y*~^ ® Ip o R. Another obvious 
consequence of the above isomorphisms is that the spaces {p,p), {t,pp) and (p, p) 
are isomorphic. In particular p is irreducible if and only if p is irreducible. 

We now show that slightly weaker conditions suffice to define a conjugate. 

Lemma 2.2. Two objects p and p in a strict tensor C* -category T are conjugate 
if and only if there are R G {t, pp) and R G (l, pp) such that R* <S> Ip o Ip (S) R is 
invertible and the positive linear mapping u on (p, p) — > (t, t) defined by 

u;{T) = R* oT^lpO R, Te{p,p), 

is faithful. 

Proof. If R defines a conjugate for p then T G (p, p) and T ^ Ip o R = imply 
T = so that uj is faithful. Conversely, given R and R as in the statement of the 
lemma, letX = R*^lpOlp^Re (p, p), then replacing R by X~^* ®lpoR^ we 
see that we may assume that X — Ip. But now 

R= lp(S) R* (S)lpolpp(^ Ro R= lp(S) R* (S>lpO R(S)lppO R 

and since uj is faithful, we conclude that Ip ^ R* o R ^ Ip = Ip and p and p are 
conjugates, completing the proof. □ 

In the category 7} we can define a conjugation on arrows. We pick for each object 
p with a conjugate an Rp G (t, pp) defining this conjugate and set for T G (p, p') 

T'* 1 ^ ID* „ 1 ^ Tt* ^1 „D ^1 ^ I ^ 
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This mapping is just the composition of the mappings 

(P,P') ihP'p) ^ {p'p^i) iP,p'), 

where the first and last mappings are defined as discussed above using the properties 
of adjoint functors. A simple computation shows that T* is the unique element of 
(p, p'), satisfying either 

T' ^lpoRp = Ip, ® T* o Rp, or Ip/ ® T** o i?p, = T ® Ip o Rp. 

At the same time our choice Rp serves to define an {l, i)-valued scalar product 
on Tf setting for S,T e (p, p') 

{S,T)i :^Rp*ol^(^{S*oT)oRp. 

We obviously have 

a) {S,S)i>0, 

b) {S,XoT)i = iX*oS,T)e, 

whenever the above expressions are well defined. 

Lemma 2.3. The mapping T ^ T* is antilinear and has the following properties 

a) I'p = Ip, 

h) 5* oT* = {SoTY 

Furthermore if {■,■)£ is tracial, i.e. if {S,T)i — {T*,S*)£ then 

Proof, a) is trivial and b) follows from the above formula and {S o T)* = T* o S* . 
To prove c) we note that if 5*, T e (p, p') then 

{S, T)t = Rp* olp^S*o T*' (g) Ip, o Rp, 

whereas 

(T*, S*)e = Rp* o T'* Ip o Ip, ^S*o Rp, = Rp* olp^S*o T'* (g) Ip, o Rp,. 

Since, by Lemma 2.1, Ip 5* o i?p is an arbitary element of (<-, pp'), c) follows. □ 

Theorem 2.4. The subcategory Tf is closed under conjugates and tensor products. 
IfT has (finite) direct sums and subobjects then Tf is closed under direct sums and 
subobjects. 

Proof. Tf is obviously closed under conjugates and to see that it is closed under 
tensor products let Ri e (t, PiPi) and Ri e {t, PiPi) define a conjugate for pj, i = 1, 2, 
then 

R := lp2 ®Ri® lp2 o R2; R := Ip^ ®R2® Ip, o R^ 

solve the conjugate equations for pip2- To check closure under direct sums, we 
suppose Wi G {pi, p) and Wi e {pi,p),i= 1, 2 to be isometrics realizing p and p as 
direct sums and set 

R = ^Wi(^WiO Rf, R = ^Wi(»WiO Ri. 
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A simple computation again shows that R and R solve the conjugate equations for 
p. It remains to check closure under subobjects. Suppose that p is an object of 7/ 
and We (p', p) is an isometry. Let R, R solve the conjugate equations for p, then, 
by Lemma 2.3, 

lp0{Wo W*) o R = F (g)lpO R, 

where F G (p, p) is a (not necessarily orthogonal) projection. Since T is closed under 
subobjects there is a corresponding subobject p' of p and hence an X e (p',p) and 
Y e (p, p') such that Y o X = Ip, and X oY = F. Define 

R' = Y 0W* o R; R' = W*®X*oR. 

A computation now shows that R' and R' solve the conjugate equations for p', 
completing the proof. □ 

We define a left inverse (f for an object p in a strict tensor C*-category T to be 
a set 

'Pa,T ■■ ip(^, pr) (o-, r) 

for objects cr, r of T of linear mappings which are natural in cr and r, i.e. given 
S e (cr, cr') and T G (r, r') we have 

cp,,,,, (Ip T o X o 1^ ® 5*) = T o <p,,,(X) o 5*, X e (pa, pr), 

and furthermore satisfy 

{X (8) 1^) = <Pa,ri^) ® Itt, ^ e ip(^, pr) 

for each object tt of T. We will say that <p is positive if ipa,a is positive for each cr 
and normalized if 

fiA^p) = 1. 

When 99 is positive, we say that ip is faithful if (pcr,a is faithful for each object cr. 

By way of explanation of the name left inverse, this term has already been used 
in connection with endomorphisms of a C* -algebra A. When <p is a left inverse of 
an endomorphism p and we define for each pair of endomorphisms cr, r of .4 and 
X e {pa, pr) 

iPa,riX) = (p(X) G (a,r), 

then we get a left inverse for the object p of End^. We may think of a left inverse 
for an object in a tensor C*-category as being some kind of virtual object: (pa,T 
corresponds to tensoring on the left by this virtual object looked at as a map from 
(per, pr) to (cr, r). If p has a conjugate then we may always construct non-zero left 
inverses; for suppose R, S e (t, pp) and define 

(fiaA^) ■^S*®lrOlp^XoR®l^, X e {pa, pr), 

then (p is obviously a left inverse which is positive if 5" = i? and is normalized if 
S* o R = 1^. Note that when S = R defines a conjugate for p then we get a faithful 
left inverse. 
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Lemma 2.5. Suppose p has a conjugate p then every left inverse is of the above 
form. More precisely if R & (t, pp) defines a conjugate for p then left inverses for p 
are in 1 — 1 correspondence with the elements Y of {p, p) by taking S* = R* oY (^Ip 
in the above formula and a left inverse is positive if and only if Y is positive. 

Proof. Let X e (per, pr) then trivially, 

X = lp(^R* (^lroR(^lp^oX oR* (^lp^olp(S)R(^l^ 
= lp(S) R* (S>lr olpp(^ X o {Ro R*) (S>lp^ olp(S) R(S> 1^. 

Hence, if (/? is a left inverse for p we have 

iPa,T{X) ^ R* ^IrOlp^X O (Pp^p{R O R*) ®lp^oR® 1^. 

Since Lpp^p{R o R*) e (p, p) we see that every left inverse is of the stated form and 
is positive if and only if (fp^p{R o R*) is positive. □ 

A left inverse ip is thus uniquely determined by (pp^p{R o R*). Notice that, 
alternatively, every left inverse for p is of the form 

^PaA^) ^ S* 0lrolp0 X o R^l^, Xe {pa, pr), 

where 5 is a uniquely determined but arbitrary element of (t, pp). Hence by Lemma 
2.1, a left inverse <p is also uniquely determined by (p^^^. 

Before giving the basic inequality on left inverses associated with solutions of 
the conjugate equations, we need a preliminary lemma. 

Lemma 2.6. Let S e (t, a) then 

5o^* < (5*0 5)^1^; SoS* <la®{S* oS) 



Proof. >S* o 5 o 5* = (5* o 5) O 1, o 1, (g) 5* = 5* o (5* o 5) O 1^. We now have a 
positive element X := S o S* and a positive central element Z := (S* o S) <Si la in 
the C*-algebra (a, a) such that X^ = XZ. Hence X < Z, since 7r(X) < 7r(Z) for 
each irreducible representation tt. The second inequality is proved similarly. □ 

Lemma 2.7. Let R and R solve the conjugate equations for p and let <p be the 
associated left inverse, then 

X* oX <R* oR®lp^olp® ipaA^* ^ e {pa, pr). 

Proof Set Y := lp0 X o RiS)l^ then ^* O 1^^ o 1^ (g) F = X. Hence X* o X = 
lp<^Y* o {Ro R*) (g) Ip^ o Ip (g) y. Applying Lemma 2.6 with S ^ R e {l, pp) 

X*oX <{R*oR)0 Ip^ olp^ {Y* oY) = {R* o R) ® Ip^ olp® faA^* ° 
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Actually this inequality is the best possible in the sense that R* o R is the 
smallest element of (t, i) for which this inequality holds. This is seen by taking 
X*oX = RoR* e {pp,pp). 

As a consequence of this inequality there are various finiteness properties of the 
objects p of Tf. For example, the image of (p, p) under a representation is finite 
dimensional whenever the image of the centre is finite dimensional. 

Now just as we have introduced the notion of a left inverse of an object p in 
a tensor C*-category, so we can introduce the notion of a right inverse replacing 
tensoring on the left by p by tensoring on the right. Thus a right inverse if) for p is 
a set of mappings 

V^<T,r : {(^P^rp) ^ (a,r), 
natural in a and r, i.e. such that given S e {a, a') and T e (r, r') we have 

iP^,,r'{T®lpoXoS*^lp)=Toip,^,{X)oS*, Xe{ap,rp), 

and satisfying 

= 1^0Va,r(^), Xe{ap,rp). 

Since this notion results from that of left inverse by dualizing with respect to (8), all 
the above results have their counterparts for right inverses. In particular, if R, R 
solve the conjugate equations for p there is an associated right inverse given by 

ipaA^) = It® R* o X ®lpOl^® R, X e {ap, Tp). 

In the same way, we have another (t, i) -valued scalar product (■, ■)r on 7/ asso- 
ciated with a choice p i— > i2p for each object p of 7/, namely if S*, T e (p, p'), 

(5, T)r := Rp* o {S* oT)(^l-pO Rp. 

Objects p of the form aa will be termed canonical since they are an abstract 
analogue of the canonical endomorphisms introduced in [17]. They have some 
special properties which are well known in the theory of adjoint functors. In fact, 
let R e (t, aa) and R e (t, aa) satisfy the conjugate equations then R e (t, p) and 
M :=1^®R* e (p2, p). We have 

Mo M(g) Ip = Mo Ip (g) M; M o 1^ = 1^; Molp®R=lp 

and since these are the associative and unit laws, we can, following the standard 
practice in category theory, say that they make p into an algebra in the tensor 
C*-category T in question. Since * is a duality for T, this is equivalent to saying 
that M* and R* make p into a cogebra in T. We also have a further relation 

lp®MoM*®lp = M*oM 

which is not part of the theory of adjoint functors as it involves both M and M*. 
We shall, however, see in Section 7, that, in our context, it is actually a consequence 
of the other equations. 

Note that if F : 7i — > ^2 is a strict tensor *-functor then F maps solutions of the 
conjugate equations into solutions for the image object and intertwines the associ- 
ated left and right inverses. Hence F maps conjugates onto conjugates, canonical 
obierts nntn rannniral nbierts a.nd induces a. strict tensnr *-funr,tnr from 7^ t tn 7^^. 
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3. Dimension and Trace 

We turn now to the related notions of dimension and trace which are central to 
this paper. In fact, in view of their importance, we want, throughout this section, 
to restrict ourselves to developing this theory in the important special case that 
(i, t) = C, i.e. that l is irreducible. In the language of von Neumann algebras this 
corresponds to defining the index just for the case of subfactors. 
We note the following simple corollary of Lemma 2.2. 

Lemma 3.1. Two irreducible objects p and p are conjugate if and only if there are 
R e (i, pp) and R e (i, pp) such that R* ®lpolp® R^Q. 

The next result lends support to the interpretation of the objects of 7/ as being 
finite dimensional. 

Lemma 3.2. When i is irreducible and p is an object of Tf then (p, p) is finite 
dimensional. In particular if T has subobjects, p is just a finite direct sum of 
irreducibles. 

Proof. Let Xi, X2, . . . , Xn be positive elements of (p, p) of norm 1 with Xi < Ip, 
then Lemma 2.7 shows that n < R* o Ro R* o R^ so that (p, p) is finite dimensional. 

□ 

We study further the set of solutions of the conjugate equations for given p and p 
defining equivalence classes and normalizing solutions. On this basis, we can define 
a well behaved notion of dimension for the corresponding left inverses. We shall 
then show that there exists a privileged class of normalized solutions called the 
standard solutions. This privileged class will be characterized in a variety of ways 
and serves to define a dimension for the objects themselves. 

The pertinent notion of equivalence is characterized in the following lemma. 

Lemma 3.3. Two solutions R, R and R' , R' of the conjugate equations for p, p 
define the same left inverse for p if and only if there is a unitary U e (p, p) such 
that R' = U ®lpoR. 

Proof. Since a left inverse ip is uniquely determined by <^j,^t, R and R' = U®lpoR 
define the same left inverse if and only if 

R* o{U* oU)®XoR = R* olp^XoR, X e{p,p), 

i.e. if and only if 

R* o\p®Xo{U* o Uy* oR, X e (p, p), 

where * is the map from (p, p) to (p, p) defined by R. Since the left inverse is faithful, 
we conclude that {U* o U)'* = Ip so by Lemma 2.3, U* o U = Ip as required. □ 

We can, of course, equally well define an equivalence class by requiring R and R' 
to define the same left inverse for p. However, this will define the same equivalence 
class if and only if the map * commutes with the adjoint hence, by Lemma 2.3c if 
and only if (p^^^ is tracial. 

On the basis of Lemma 3.3, we make the following definition which gives an 
analogue of the square root of the index relative to a conditional expectation in the 

^-^ „,,uf„„j- rnl 
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Definition 3.4. Let (p be the left inverse of p defined by a solution R, R of the 
conjugate equations, then we define the dimension d{(f) of </? by 

d{if)^\\R\\ \\R\\. 

Note that if > 0, then d{iJ,ip) = d{(p), so the dimension is independent of the 
normahzation of (p. For this reason, it is convenient to restrict oneself to normalized 
solutions i?, R, i.e. those for which \\R\\ = \\R\\. In this case, we have 

d{(p) = R*oR = R*oR = d{(p), 

where (p denotes the left inverse of p defined by R. 

Lemma 3.5. Let R, R be normalized solutions of the conjugate equations for p, p 
and (p the corresponding left inverse. Then d{(p) = I if and only if R is unitary. 

Proof. Clearly, if R is unitary, d{(p) — 1. Conversely, if d{(p) — 1 then computing 
X*oX for X = R^p-lp^R, we see that R^p = lp®R. Similarly R^p = Ip^R. 
Thus 

RoR* = lpp(^R* oR(^lpp^lp^R* ^IpOlp^R^lp^ Ipp, 

and R is unitary. □ 

We now show that our notions behave well under direct sums and tensor prod- 
ucts. Let Wi G {pi, p) and Wi G {pi, p) be isometries expressing p and p as a direct 
sum of irreducibles and let Ri G {t, piPi) and Ri G {i, pipi) be solutions of the 
conjugate equations then 

R = ^Wi®WioRi^ R = ^Wi®WiO Ri 

i i 

solve the conjugate equations for p, p and are said to be a direct sum of the original 
solutions Ri, Ri. They are normalized if the original solutions were normalized. 
This notion is compatible with equivalence classes and we have: 

R* oR = J2Ri °Ri, 

i 

and hence for the corresponding left inverses: 

i 

Turning to the product, a trivial computation gives the following result. 

Lemma 3.6. Let Ri G {t, PiPi) and Ri G (i, PiPi) define a conjugate for pi, i = 1,2, 
then 

R := (g) i?i o R2; R := Ip, (g) ^2 <8) Ipi o ^1 
define a conjugate for p\P2- If the Ri are normalized, so is R. 

It is clear that this notion of product is compatible with equivalence classes and 
that for the corresponding left inverses we have, with an obvious notation. 



12 



If p is a zero object, i.e. if (p, p) = then d{ip) = 0. When R, R define a conjugate 
for a non-zero object p, the defining equations show that 

1 < 11^* ® Ipll ||lp® i^ll < ll^ll ll^^ll, 

so that d{ip) > 1. 

We now estabhsh a connection with the work of Jones [11]. If e {I'iPP) and 
R e (t, pp) satisfy the conjugate equations, we let E and E be the range projections 
of R and R^ 

E ■.^\\R\\-'^Ro R*-^ E ■.= \\R\\-'^Ro R*. 

These will be called the associated Jones projections. Note that they are unique 
up to a unitary equivalence within an equivalence class of solutions, where the 
unitary in question can be chosen from the subalgebras (p, p) ® Ip and Ip ® (p, p), 
respectively. Since 

lp®{Ro R*) o{Ro R*) ^lpolp^{Ro R*) = lp®{Ro R*), 

we have 

Ip® Eo E®lpolp0 E = \\R\\~^ ■ \\R\\~^lp0E 

and similarly 

lp(^EoE®lpolp®E= \\R\\~^ ■ \\R\\~^lp(» E. 

These are the Jones relations and by looking at the associated representations of 
the braid group, we may conclude as in [11] that 

\\R\\-^ ■ \\R\\~^ e {4cos2^ :ken, > 3} U [4, oo). 

We note that if <p is a normalized faithful left inverse, then by Lemma 2.7, d{(p) 
is the smallest constant c such that, for all objects a, r, we have 

X*oX<c'lp(® ip,,a{X* oX), Xe {pa, pr). 

In the special case that T = End^ for a unital C*-algebra A, we can regard <p as 
a left inverse for the endomorphism p by setting 

(fi{X) := {R*R)-^ R*p{X)R 

and £ := p(p is a conditional expectation from A onto p{A). Setting Y = p{X)R, 
cf. Lemma 2.6, we have 

X*X = p{Y*)RR*p{Y) < p{Y*Y)R*R = £{X*X) R*RR*R. 

Hence d((p)~^ is the Pimsner-Popa bound of E, in other words, Ind£^ = d(<p)^. 
If (p is a linear mapping of A into A such that 
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then for each pair cr, r of endomorphisms of A, 

v{X)a{A) = v{Xpa{A)) = ^{pt{A)X) = r(A)^(X), X e {pa, pr). 

Thus we get an associated left inverse of p in End^ by taking (/?o.,t to be the 
restriction of to {pa,pT). 

Thus for each object p, there are two sets of Jones projections, those of the 
form E associated with faithful right inverses, and those of the form E associated 
with faithful left inverses. For each faithful left or right inverse, there is a unique 
unitary equivalence class of Jones projections. Each Jones projection E determines 
a solution of the conjugate equations up to a scalar. 

The vital step towards introducing a dimension for the objects of Tf rather 
than their left inverses is to choose a special equivalence class of solutions of the 
conjugate equations. We first take this step for irreducible objects by picking the 
unique equivalence class of normalized solutions. 

In the general case, we write p as a direct sum of irreducibles and say that R, R 
is a standard solution if R is of the form 

R = ^Wi®WioRi, 

i 

where Ri G (i, piPi) is a normalized solution for an irreducible object pi and 
Wi e {Pii p) and Wi e {Pi,p) are isometrics expressing p and p as a direct sum 
of irreducibles. As we know we then have 

R = J2Wi®WioRi 

i 

and R, R is a, normalized solution. With an obvious notation, the corresponding 
left inverses are related by 

^{x) = j2iPi{w:oxoWi). 

i 

It is easy to see that if is independent of the choice of the Wi so that we get in this 
way a single well determined equivalence class of solutions of the conjugate equa- 
tions. This left inverse will be called the standard left inverse, a notion introduced 
in [6] in the context of a symmetric tensor C*-category. 

Lemma 3.7. If p ^ Rp is standard then the corresponding scalar product {■■■), 
defined as in Section 2, is independent of the choice of standard solutions and is 
tracial. 

Proof. The first statement follows from the uniqueness of the standard left inverse; 
to prove the second, we use Lemma 2.3c. Now when the Rp are standard, Rp and 
Rpi have the form: 

i j 

where, without loss of generality, we may suppose that, when pi and p'j are equiv- 
alent, they are actually equal. If T e (p, p') then 



T' ^IpoY^Wi^WiO Rp^ = 1-p, ® T* o ^ W-j w; o Rp,, 
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Multiplying on the left by W* ® W* , we conclude that 



W* oT'oWi = (W* oTo Wi)' = W*oT*o W- = W *j oT*'* o Wi. 



Thus T'* = T** as required. 



□ 



There is a notion of trace is implicit in the above scalar product. To make it 
explicit, given T G (p, p), we write tr{T) := (Ip, T). It is easy to compute the trace 
of a projection E. In fact, if we write E — W oW* , where W G (cr, p) is an isometry 
then 



Thus the trace of E is just the dimension of the standard left inverse of a. This 
shows that the trace on our full subcategory is entirely determined by the dimen- 
sions of the standard left inverses. 

We now define d{p) for an object p to be the dimension of its standard left 
inverse (p. We then have d{p) — d{p) so that d{p) depends only on the unitary 
equivalence class of p and is additive on direct sums. Since it is additive, it follows 
from Theorem 2.4 that an object of dimension < 2 is necessarily irreducible. 

Let us now look at a few simple examples. If we take our strict tensor C*- 
category to be a category of finite dimensional Hilbert spaces then every object is 
a finite direct sum of 1-dimensional objects and the dimension is the usual one. 
More generally, if we look at a category of finite-dimensional, continuous, unitary 
representations of a compact group then we can take 



where Cj is an orthonormal basis of the underlying Hilbert space and is the 
conjugate basis of the conjugate Hilbert space. Thus we again have the usual 
notion of dimension. 

Turning to compact quantum groups in the sense of Woronowicz, we again get 
a strict tensor C*-category with (t, t) = C by taking unitary representations on 
objects of a strict tensor C*-category of Hilbert spaces. For a unitary representation 
on a finite-dimensional Hilbert space, we get solutions of the conjugate equations 
by taking 



where Cj is again an orthonormal basis of the underlying Hilbert space and /j is an 
orthonormal basis of the Hilbert space of the conjugate [30]. However J is now just 
an invertible antilinear intertwiner and is not necessarily antiunitary. Since 



tr{E) = (Ip, E) = {W*, W*) = {W, W) = tr{l,). 




A G C; 



i2A = A^/j® J~Vi; RX = X^ei^ Jef, A G C; 



R* oR = TrJ 



R* oR^ TrJ* J, 



the dimension will no longer coincide with the Hilbert space dimension in general. 

Let us compute a simple example, the case of SUq{2), with —l<q<l. A few 
remarks will clarify the general structure. It is known that the fusion rules for the 
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[30]. The irreducible representations of SUq{2) are indexed by {pi,i = 0, 1, 2 ... }, 
po = id and pi the fundamental representation, and we have 

i+j 

Pi ® Pj= ^ Pk- 

k=\i-j\ 

This means the principal graph of tensoring by pi is Aoo- Now (i(po) = 1 and we 
shall see later that the dimension is multiplicative on tensor products. Hence it 
suffices to compute d := d{pi) since the other dimensions can be computed from 
the recurrence relation 

d{Pn+l) = d{pn)d - d{pn-l). 

The task of computing d :— d{pi) is facilitated by the fact that pi is self-conjugate. 
It can be easily checked that with the matrix realization of Eq. (1.34) of [30], we 
can take the antilinear intertwiner J to be given by 

Jei = ^""^62; -^62 = 61; 

where ei, 62 are the canonical basis of C^. Thus we conclude that d{pi) = q + q~^. 

Before being able to show that the dimension is multiplicative, we need to ex- 
amine the relationship between (faithful) left and right inverses. There are in fact 
two natural ways of passing from a left inverse to a right inverse. One way is to 
take a solution R, R of the conjugate equations and to pass from the left inverse 
defined by R to the right inverse defined by R. Obviously, this procedure depends 
only on the equivalence class of the solutions and is compatible with direct sums 
and products. The alternative procedure is to start with a left inverse ip and look 
for the right inverse ip such that 

This condition is again compatible with taking direct sums. However, it is less 
obvious that it is compatible with taking direct products. 

Theorem 3.8. Let (f and be left and right inverses of p and (f' and ■0' left and 
right inverses of p' such that 

then the corresponding product left and right inverses for pp' , ip'ip and ipi/j' satisfy 

{v'v)i,L = (V'V'Ot.i- 

Proof. Let X G {pp'), then 

^m¥'p',p'(^) = V'I,,¥'p',p'(^): 

since (pp'^p'{X) G {p',p'). Now any right inverse commutes with any left inverse, so 
the above equals 

again since il)'p^p{X) G (p,p). □ 

It is clear that the standard left inverse agrees with the standard right inverse of 
p on (p, p) because it is trivially true on irreducibles and the equality is compatible 
with direct sums. Alternatively, one may observe that the standard right inverse 
may equally well be used to define the dimension and the trace. What is important 
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Lemma 3.9. Let R e {i,pp) and R e {i, pp) solve the conjugate equations for p,p 
then the corresponding left and right inverses if and ip for p, 

(Pa,T{X) = R* <^lr olp<^ X o R<^1^, X e (p(T,pr); 

i/ja.riX) = 1^ ® i?* o X ® Ip o 1^ ® i?, X e {ap, Tp); 

satisfy ip^^^ — tp^^^ if and only if R is standard. 

Proof. We know that ip^^^ — ip^^^ when R is standard. However any other choice of 
R and R has the form R' = lp(S)YoR and R' = 1^ o ^, where Y e (p, p) is 
invertible. Thus the corresponding left and right inverses (p' and ip' satisfy (p[ = 
^|}[^^^ if and only if 

try*xy = try-^xy*-\ x e {p, p). 

This is the case if and only if trXyy* = lrX{YY*)-^,X e (p, p) and taking X to 
be an eigenprojection of the positive invertible operator yy*, we see that YY* — I 
so that Y is unitary and R' is standard. □ 

The multiplicativity of the dimension now follows as a corollary. 

Corollary 3.10. If pi and pi have conjugates, then 

a) d{pip2) = d{pi)d{p2) 

b) If (fii and ifi2 are standard left inverses for p\ and p2, then ip is a standard left 

inverse for pip2, where ip^^r = '^2a,T^\ p-^a.p-^r- 

c) {Si^S2,T^®T2) = {Si,T^){S2,T2), Si,Tie{pi,p'^, i = l,2. 

We have therefore given a simple general proof of the multiplicativity of the 
dimension and hence of the minimal index. Of course, there are other proofs known 
in different contexts, e.g. [10], 16], but we must here draw attention to the simple 
proof given in [13] for inclusions of C*-algebras with centre CI. To recognize the 
relation with our proof, we suppose that our category is End^, where ^ is a C*- 
algebra with centre CI. If the endomorphism p of ^ has conjugates defined by 
R, R, we have a corresponding conditional expectation S of A onto p{A) defined by 

S{A) := ap{R*p{A)R), A e A, 

where a = Now 

a-^R*S{RA) = R* p{R* p{RA)R) = A, 

so Proposition 2 of [13] tells us that S is minimal if and only if 

a-^R*XR = c£{X), Xe{p,p), 

for some constant c > 0. But this just means that 

^,,,{X) = ca^<p,,,{X), Xe{p,p). 

where ip and ijj are the left and right inverses of p defined by R, R. Hence by Lemma 
3.7, c^/^a^/^R is standard and d{p) = c^/^a\\Rf = c^s. So Indexf: = d{p)^. In 
particular, we see that the proof of multiplicativity in [13] rests on the same criterion 
as our proof. 

We now give an alternative method of characterizing standard solutions and 
the dimension based on the concept of minimality and related to using minimal 
conditional expectations in the theory of the index. 
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Theorem 3.11. Let R, R define a conjugate p for p then 

R* oRoR* oR>d{pf, 

with equality holding if and only if some multiple of R is standard. 

Proof. The inequahty itself results by taking X — Ip in Lemma 2.7. Suppose R, R 
are standard, then if i?', R' also define p as a conjugate ior p, R' — Ip ® X o R and 
R' = X*~^ <SilpO R, where X e (p, p) is invertible. Hence 

R'* oR' = R* olp^{X* oX)oR = trX* o X, 

R'* oR' = R*o (X-i o X*-^) (g)lpoR = tr(X* o X)-^ 

Now writing X* o X = J^il^i^i and (X* o X)~^ = Yliilh^Ei, where the Ei are 
mutually orthogonal projections in {p,p), we get 

R'* o R' o R'* o R' = imij^ tT(Ei)tT(Ej). 

Since PiPj^ + pjp~^ > 2, we deduce that 

R'* oR' oR'* oR' >J2 tr^i ^^Ej = (trlp)^ = d(p)^. 

Thus we have rederived the required inequality and we see that equality holds only 
if each //j = 1, i.e. only if X* o X = /, i.e. only if R' is standard. □ 

Let us now consider the behaviour of the dimension under a functor in the light 
of the above theorem. If F : 7i — > 7^ is a strict tensor *-functor where the tensor 
unit is irreducible in Ti and T2 then F{R) defines a conjugate for F{p) whenever 
R e (<-, pp) defines a conjugate for p. It follows that 

d(F(p)) < dip). 

In special cases, we have equality here. This is trivially the case when d{p) = 1 
but it is also true when F{p) is irreducible or, more generally, when F induces an 
isomorphism of (p,p) and {F{p), F{p)). Note that the mapping of (pa, pr) into 
{F{pa), F{pt)) is injective whenever p has a conjugate. 

More interesting is the fact that equality holds whenever there are just a finite 
number of equivalence classes of irreducibles. Let G /, be a maximal set of 
pairwise inequivalent irreducibles and set di :— d{pi) then since the dimension is 
additive and multiplicative, 

j 

where m^j is the dimension of {pj, ppi). Thus d{p) is a Perron-Frobenius eigenvalue 
of the matrix m^^-. Since a *-functor preserves direct sums, we conclude that, 
whenever there is a unique Perron-Frobenius eigenvalue, as is the case when / is 

T7<1 Jl „\\ Jl „\ T„ 1 t ;„ j-l „ — u, u„ „ j- 
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*-functor into the category of Hilbert spaces if the dimension takes on integral 
values. 

If we consider the matrix mf^- as an operator on £^{I) then 

lim dim(p^,p^)^ = llm^ll < d{p). 

n— >oo 

This may be proved as the corresponding result in the theory of subfactors [23]. 
We conclude from this that if is a faithful tensor *-functor then 

llm^ll < ||m-^(^)|| < d{F{p)) < d{p). 

In particular, if ||m^|| = d{p), these inequalities are all equalities. The question 
of when we have equality ||m^|| = d{p) is also of interest in the discussion of 
amenability given in §5. Of course, by the Perron-Frobenius Theorem, this equality 
must hold whenever the category in question has a finite set of equivalence classes of 
irreducibles. However, there are a few other very elementary but relevant remarks. 
Obviously, m^®'^ = m'^ + m.'^. Consequently the equality d(p©(7) = ||m^®'^|| implies 
both d{p) = llm'^ll and d{a) = Hw-'^ll. Similarly, m^'^ = m.'^mf and wc can draw the 
analogous conclusion provided neither p nor a is a zero object. Finally, = m^* 
and we deduce that d{pp) — ||m^''|| if and only if d{p) — 

If we define a dimension function to be a function from the set of objects with 
conjugates to M.^, depending only on the equivalence class and additive on direct 
sums and multiplicative on tensor products and taking equal values on conjugate 
objects, then p i— > d{F{p)) is a dimension function, whenever F is a strict tensor 
*-functor. Furthermore, if / is any dimension function /(p) is a Perron-Frobenius 
eigenvalue of the matrix m^^ . Hence a necessary condition for the existence of a ten- 
sor *-functor into the category of Hilbert spaces is for there to be an integral-valued 
dimension function. Thus the representation categories considered by Woronowicz 
in [30] trivially have integral- valued dimension functions even when the intrinsic di- 
mensions of the objects themselves are not integral. If there is to be a right regular 
object, i.e. an object p with the property that pa is equivalent to a finite multiple 
of cr for all a with conjugates then we again need an integral-valued dimension 
function. The condition even becomes sufficient if we are allowed to choose p from 
a suitable closure of the category under direct sums. 

In the next section devoted to braided tensor C*-categories, we shall meet further 
conditions which guarantee that d{F{p)) = d{p). Note, however, that in any case 
the set of objects p such that F{d{p)) = d{p) is closed under finite direct sums, 
conjugates and subobjects. 
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4. Braided Tensor C*— Categories 

We now consider the question of conjugates in strict symmetric, or braided tensor 
C*-categories. We begin by proving that if p has a conjugate then a left inverse 
for p is uniquely determined by the value it takes on £(p, p). 

Lemma 4.1. Let R e (t, pp) define a conjugate for p and let e he a braiding then 

(fip,p{R o R*) = lp^R* o e{p, p)®lpO (fip^p{e{p, p)) ®lppoR® lp_ 

In particular, (p is uniquely determined by the value it takes on s{p,p). 
Proof ipp,p{R o R*) = ipp,p{lpp (g)R*oR® Ipp) = 1^- ® R* o ipp^,{R ® 1^) ® 1^-. 

R<S>lp = €{p, pp)olp®R=lp® e{p, p) o s{p, p)®lpolp® R 

Applying to this equation and substituting leads to the desired result and ip is 
uniquely determined by the value it takes on e{p, p) since we have seen in the course 
of proving Lemma 2.5 that is uniquely determined by the value it takes on Ro R* . 

□ 

To render the statement of results as simple as possible, we shall suppose in 
what follows that our category has conjugates. We now show, using the standard 
left inverse, that a braiding e gives rise to a central element of the category. 

Theorem 4.2. Let e he a braiding and ip the standard left inverse for p and set 

k{p) := d{p)(pp,p{e{p, p)) 

then p I— s> k{p) e {p, p) defines an element of the centre of the category i.e. if 
Te{p,a), 

T o k{p) = K{a) o T. 

Furthermore, we have 

/«(piP2) = k{pi) (g) k{p2) o e{p2, pi) o s{pi,p2). 

so that K is multiplicative if and only if the braiding is in fact a symmetry. 
Proof. We have 

i^ip) ^J2^i®'^p° ®W*®lpO Ip^ ® e{p, p) o 1-p. ®Wi®lpoRi® Ip. 

i 

where R = J2i Wi^WiO R^ is the usual expression for a standard arrow R defining 
a conjugate for p. A simple computation now gives o k{p) = n{pj) o W* and 
k{p) o Wj = Wj o K{pj). But now if we pick T e (p, a) and isometrics T4 e ((7^, a) 
with o V* = 1^ then 

T o k{p) = J2VkoV^oToWioW*o k{p). 

i,k 

Since we may suppose that pi and ak are either inequivalent or equal so that 
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follows from Corollary 3.9b and the following computations where, to be concise, 
we write e for s{pip2, P1P2) and Sij for e{pi, pj) and omit indicating the objects 
involved when acting with the left inverses (fi and (f2 of pi and p2 

£ = Ip, (g) £12 <8) ° ^11 ® lp2P2 ° Ipipi ® s:22 o Ipi <S) £21 <K) lp2. 

thus 

(fiiie) = £12 <H) ° '/'il^ii) ® lp2P2 ° Ipi ^ £22 o £21 <8) lp2 

= lp2 ® ipiiSll) (8) lp2 O £12 ® lp2 O Ipi ® £22 O £21 ® lp2 

= lp2 ® '/'I (£11) ® lp2 ° S(P1P2, P2) O £21 ® lp2 

= lp2 ® <^l(£ll) ® lp2 ° lp2 ^21 O £(P1P2,P2) 

= </?l(£ll) O lp2 O lp2 ® ^21 O £22 ® Ipi O lp2 ® £12 



Applying <^2 gives 



(f2<flie) = (fl{Sll) (g) (f2{£22) O £21 O £l2- 



yielding the required result. □ 

Note that since p 1— > k{p) is central the value e C it takes on irreducible objects 
depends only on the equivalence class of the object. Furthemore, as for any central 
element. 

n 

where the En are the minimal central projections in (p, p) and the eigenvalues pn 
of k{p) are simply the values of k on the corresponding irreducibles. 

If we introduce a conjugation * then by Lemma 2.3 p ^ n{p)* '■= i^'ip) is again 
central and obviously when p is irreducible the scalar K*{p) is just the complex 
conjugate of the scalar k{p). Thus this involution on the centre of our category is 
independent of the choice of conjugation. 

We now prove the following result which shows that a braiding is in a sense 
automatically compatible with conjugates and that k{p) plays another role. 

Lemma 4.3. Let R G {l, pp) define a conjugate for p then e{p, p) o R defines a 
conjugate for p. R standard implies e{p, p) o R standard for all p if and only if k is 
unitary. Furthermore, when R is standard 

£-^*(p, p) o if! = k(p)* (g) Ip o ^, 
£(p, p)oR = k'{p)~^* (SilpoR. 



Proof. If R defines a conjugate then e{p, p) o R ^ Q and hence trivially defines a 
conjugate for p when p is irreducible. Furthermore the question of whether £(p, p)oR 
defines a conjugate for p is independent of the choice of R. Thus we may choose R 
to be standard writing R = - (g) Wj o R^ as in the definition of standard. But 
then 

£(p, p) o R = ® Wi o e{pi, Pi) o Ri 

i 

which again obviously defines a conjugate for p. Since £~^*(p, p) o R defines a con- 
jugate for p, we know that 
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where X e (p, p) is invertible. Now 

X = {R* o X ®lp) ®lpolp® R = {R* o e~^{p, p)) ®lpOlp®R 

= i?* (g) Ip o Ip (g) £(p, p) (g) pp) olp(g)i2 = i2*(g)lpOlp(g) £(p, p) o (g) Ip = k;(p). 

Now £(p, p) o = k(p)* (g) Ip o ^ so = £(p, p)* Ip o ^ = Ip ® k(p)* o £* (p, p) o ^ 
thus reversing the roles of p and p we conclude that 

£*(p, p) o = Ip (g) «;(p)~^* o ^ = k;*(p)~^ <g) Ip o ^, 

yielding the required result since passing from e to e* means passing from k to k* . 

Now £(p, p)oR will be standard whenever i? is standard if this is the case for all 
irreducibles p. But this means that the scalars K*(p)~^* must be a phase so that k 
is unitary. Conversely, if k is unitary and R is standard then so is £(p, p) o R. □ 

Note that the above computations show that if the braiding is unitary then k is 
unitary, too. 

Now the definition of conjugates used for strict symmetric tensor C*-categories 
in connection with the duality theory of compact groups [8] required that R = 
s{p, p) o R. This condition was however relaxed in §7 of [8] where it was simply 
required that there exist -R e {l, pp) and R e (t, pp) such that 

i?* (g) Ip o Ip (g) £(p, p)oR®lp and R* ®lpolp® e{p, p)oR®lp 

are invertible. This condition is however equivalent to requiring that p has a con- 
jugate in the sense employed here. For suppose that R G (t, pp) defines a conjugate 
for p and is standard and set R := R then the above expressions equal k{p) and 
k{p) respectively and are invertible. On the other hand it was show in § 7 of [8] 
that a new symmetry i can be introduced so that p and p becomes conjugates in 
the stricter sense employed there and hence, a fortiori in the sense employed here. 

We next present a sufficient condition for a normalized left inverse to be standard; 
this will be of use shortly. 

Proposition 4.4. Let Lp be a normalized left inverse of an object p with conjugates, 

then if K is unitary and Lpp^p{e{p, p)) is a multiple oflp,(p is standard. 

Proof. Let Wi G {pi,p) be isometries with pi irreducible and Wi o W* = Ip, 
then there are normalized left inverses (fi of pi such that 

'fiia,T{S)^,AWi O W*) = (faA^i f^lrOSoW*^ 1^), S G {pid.PiT). 

Hence 

<^iPi,Pi(e(Pi-Pi))<^.,.(W^ioM^*) = ipp^,p^(Wi®lp^oe{pi,pi)oW*®lp:) = W^o^p^e^p^ p))oWi, 

and when ifip^p{s{p, p)) — Alp, we conclude, since any normalized left inverse of pi 
is standard, that 



22 



If K is unitary, taking absolute values and summing over i gives d(p)|A| = 1. Hence 
^uA^i o W*)d{p) = d{pi) and finally 

d{p)\lp = d{p)Xj2Wi oW* = J2w,o K{pi) o W* = k{p), 

i i 

showing that (p is indeed standard. □ 

Now the trace we have introduced in § 3 depends only on the notion of conjugate. 
But it does make essential use of the *-operation and to define it we were forced 
to restrict ourselves to standard arrows defining conjugates. However, in a braided 
tensor category there is another natural trace which is not positive, in general, and 
depends on the braiding. On the other hand, this trace can be defined without 
reference to the *-operation and can be defined using arrows defining conjugation 
without requiring R to be standard. We set for S,T e (p, p) 

{S, T)e = R*o £(p, p)olp^ {S* oT)oR, 

where R e (t, p, p) defines a conjugate for p. We see immediately, that this expres- 
sion is independent of the choice of R. It is also easy to check that it is a trace using 
the argument of Lemma 4.1. However, this can also be seen by relating the above 
expression to the trace defined previously. In fact, by Lemma 4.3, 

£*(p,p) o^= lp®K{pY~^oR^ 
{S,T% = {S,Tk{p)-^) 

and since p — > K;(p)~^ is in the centre of the category it follows at once that 

{S,T)e={T\S*)e 

This trace has no reason in general to be multiplicative however if e is a symmetry 

{S ®S',T® T')e = {S, T),{S', T')e. 

Our analysis of the invariant k leads to an interesting condition guaranteeing 
that a strict tensor *-functor preserves dimensions. 

Proposition 4.5. Let F : Ii ^ I2 be a strict tensor *-functor, where X\ has 

conjugates and subobjects and X2 has a braiding e for which k is unitary. Then if 
p is irreducible and e{F{p), F{p)) is in F{p^,p'^) then d{F{p)) — d{p). 

Proof. Picking R G (i, pp) standard defining p as a conjugate for p and setting 
a :— F{p), a := F{p), we see that the left inverse (f oi a defined by 

ifixAX) ■= d{p)-^F{R)* (8) 1^ o U ® X o F{R) (g) 1a, Xe (aA, av) 

has (/7cr,cr(£(cr, (t)) a scalar da since this is the image under F of an element of 
(p, p) and p is irreducible. Thus by Lemma 4.4, (p is a, standard left inverse and 
consequently F{R) is standard so that d{F{p)) = F{R)*oF{R) = F{R*oR) = d{p), 
as required. □ 
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5. Amenable Objects 

As an application of our results, we construct C*-algebras Op and von Neumann 
algebras Aip equipped in a canonical way with an endomorphism p starting from 
suitable objects p in a tensor C*-category. In this way, we get examples of subfac- 
tors p{}Ap) C M.p and, making contact with the work of Popa, we introduce the 
notion of an amenable object in a tensor C*-category. 

In this section T always denotes a strict tensor C* -category; we will consider 
objects with conjugates in the sense of Section 2. By considering the full C*- 
subcategory they generate, we may also assume that all objects have conjugates. 
Moreover it is always possible to add objects and hence assume, as we shall do, 
that T has direct sums and subobjects (see Appendix) . 

We now fix an object p of the C*-category T and review the construction of the 
C*-algebra Op given in [6] . We first form the graded *-algebra 

Op^^Of^ 

fc€Z 

where 

Of^ =lim^(p^p^+^-) 

and the embedding [p^ , p^) [p^^^ , p^^^) is given by tensoring on the right with 
the identity ofp : X i-^ A®lp, which may, for the purposes of this paper, be 
supposed to be injective. The C*-algebra Op is defined as the completion of Op 
with respect to the unique C*-norm making the expectation e : Op ^ 0^p\ 

e = / atdt, (4.1) 
Jt 

continuous, where o: : T — > Aut((9p) is the gauge action corresponding to the 
grading, namely 

at(A) = t'=A, Xedf\ 
We now recall that Op is equipped with a natural endomorphism p determined 

by 

p{X) = lp®X, Ae(p^p^), r,seNo, 

where we identify arrows between powers of p with their images in Op. Furthermore, 
with this identification, we have 

(p^p^)c(p^p^), r,8eNo. 

Now let be a positive left inverse for p then if X e {pa, pr) , 
(^,,,(X)*o(^,,,(X) < ||(p,,,(lp)|| ^,AX*oX) < |b,,,(lp)|| \\Xf (p,,,(lp)«)la, 
so that 

II,. / \^MI ^ II,. /I Ml II X^ll 
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Now, by definition, a left inverse commutes with tensoring on the right by Ip and it 
hence induces a hnear mapping (p of each O^p^ into itself and extends by continuity 
to each O), ' and we obviously have 

(p{S*) = (p{S)\ 
^iTpiS)) = ^iT)S,. 
mS)T) = S<p{T) 

The argument leading to Theorem 4.12 of [6] shows that (p extends to a positive 
linear mapping of Op, also denoted by Lp and satisfying the above equations. Ob- 
viously, is the image in Op of If (/? is associated with a solution R,R 
of the conjugate equations for p, then Lemma 2.7 shows that 

||x*x|| < ||^*o^|| \\^{x*x)\\, xe{p\p^). 

The analogous inequality therefore holds for X e O^p^ so that (p is faithful on O^p"^ . 
From now on we suppose that ip is normalized, then iterating ip gives an (t, i)~ 

valued state u on 0^p \ i.e. a unit- preserving positive linear mapping u : O^p^ — > 
(t, t), with the property that 

By composing this state with the conditional expectation e, we extend it to a 
gauge-invariant (i, z,)-valued state, also denoted by uj on Op. 

At this point we make the simplifying assumption that, as in Section 3, 

= C, 

since the following construction would otherwise have to depend on the choice of 
an auxiliary faithful state on the Abelian C*-algebra (t, i). Letting (Tio;? C^j t^uj) be 
the Gelfand-Naimark-Segal triple associated with cu, we denote by 

M^ = 7:^{Op)" 

the von Neumann algebra generated by TTu,{Op). 

Lemma 5.1. There is a unique isometry V determined by 

V7rUX)Cu. = TiUpixmo,, X e Op, 

and we have 

VnUX) = 7rMX))V; (^(X) = V*7rUX)V, X e Op. 

Hence p extends to a normal endomorphism of Jv[^ and (p to a normal left inverse 
of p on M.^. Consequently, pip is a normal conditional expectation of M.^^ onto 

p{M.^). If is faithful on 0^p\ is faithful and ptp is faithful. 

Proof. The existence and uniqueness of the isometry V is evident. Since p is an 
endomorphism, V-K^^iX) = 'K^{p{X))V. Thus, if Xi,X2 G Op, 
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showing that (p{X) = V*7ri_j{X)V, as required. If is faithful on Op , tt^^ is faithful 
on {p'^,p'^),r e N and hence on Op. Since u is gauge- invariant, is faithful by the 
uniqueness of the norm on Op. □ 

Note that since to is gauge-invariant, we have an action of the gauge group on 
A4^ compatible with that on Op and that 

7^^(p^p*) C (p^p*). 

A case of particular interest is when (p is the standard left inverse of p and we 
will then write A4p in place of M.^ since the von Neumann algebra is uniquely 

determined by p. Furthermore, in this case u!\Op^^ is tracial. 

Lemma 5.2. cu is a faithful state of M.^. In particular, tt^ is faithful and is a 
separating vector for A4^. 

Proof. We shall show that a; is a KMS state of Op for a certain 1-parameter group 
of automorphisms. To this end, let e (p, p) be the positive invertible operator 
such that 

^(X) = tr(Xoe-^), Xe{p,p). 
If e~-^" denotes the n-th tensor power of e~^, then 

(^"(X)=tr(Xoe-^"), Xe(p^p"). 

Now there is a unique continuous 1-parameter group at of automorphisms of Op 
such that 

= e**^' oXoe-**^^ XG(p",p"). 

To show that a; is a KMS state for this 1-parameter group, it suffices to pick 
X, y e {p^ -iP^) and compute: 

uj(Y* o (Tt{X)) = tr{Y* o e'*"^ oXo e-^^^r^-H^^ 

and performing an analytic continuation, we get 

uj{Y*oat+i{X)) = cu{at{X)oY*). 

□ 

Note that in the special case of /Ap our modular automorphisms at are just 
gauge transformations, more precisely, we have at = as with s = (i(p)~**, where fig 
denotes the normal extension of as to M p. 

We remark that t ^ at may also be defined directly in terms of the category 
Tp. In fact, a state on a C*-category can be understood as a state on (a, a) for 
each object a of the category. When we have a faithful state on a M^*-category, 
there is a corresponding modular group of automorphisms of the category [12]. uj 
defines a faithful state on Tp and the corresponding modular group is a group of 
automorphisms of the tensor category inducing the automorphisms at of Ai^. 

(k) ~ (k) 

We define TVf^ as the fc-spectral subspace of a, namely A^^, is the weak closure 

(k) 

of Op . To avoid certain special cases which will be of no interest in what follows 

™„ ; „ f ™„ ; L rt ] „^ ^ i 
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Corollary 5.3. M.p is a factor if the homogeneous part M.p^^ is a factor, i.e. if 

u) is an extremal trace of 0^p\ In this case Aip is a factor of type I Hp with 
ji = d{p)~^ where n = min{k eN\3r s.t. (p^, p'^^^) ^ 0}. 

proof. The center Z{M.p) of M.p is pointwise invariant under the modular group 

a hence it belongs to M^p^ showing that if Ai^p^ is a factor then M.p is a factor 

too. Since the centralizer M.^p^ of a; is a factor, the Connes invariant [3] S{M.p) is 
equal to the exponential of the spectrum of the modular group cr of cu, proving the 
result. □ 

Lemma 5.4. Let X e Ai^p then ip'^{X) — > u!{X)I in the s-topology as n ^ oo. 
Consequently, the following conditions are equivalent: 

a) 0{X) = X, 

b) p{X) = X, 

c) X e (<-, i). 

Furthermore, p^{X) — u{X)I in the a-topology as n — > oo. Thus uj is the 
unique normal p-invariant state and (p is the unique left inverse of p having a 
normal invariant state. More generally, if X, Y, A e Al^ and A has grade A; > 0, 
then 

^ u{Xp''{Y))A 

in the a-topology as n ^ oo. 

Proof If X e (p^ then (^'^(X) = u{X)I. Given X e M^p^ and £ > 0, we may 
pick r e N and Y e {p'' , p"") such that ||y|| < ||X|| and - X)^^\\ < e. Hence 
Wip'^iY - = \\{uj{Y)I - ip''{X))i^\\ < e, for n > r, and \u{Y - X)\ < e. 

Now (i, p^) is finite dimensional and is mapped into itself by (p. Any eigenvalue has 
modulus < 1 and if we know that there are no eigenvalues on the unit circle for k ^ 
then (f'^iX) ^ = uj{X)I as rz ^ oo for X e {l,p^), hence for X e Ur(p^p'^+'=) 
and, arguing as above, even for X e M^p\ However, (p(X) = XX with |A| = 1 
implies (p{XX*) > (p{X)(p{X)* = XX*. Thus, evalueting in the state cj, we see 
that XX* = uj{XX*)I and this implies that X = since {i, p^) would otherwise 
contain a unitary operator which is impossible as we are assuming d{p) > 1. Thus 
(p'^{X) — > u!{X)I in the s-topology, as required. To show that p'^{X) — > uj{X)I in 
the cr-topology, it suffices to show that p'^{X)$^i^ tends weakly to u;{X)^^. However 
if y e M^, w(yp"(X)) = u{(p''{Y)X) uj{Y)oj{X) as required, u is now the 
unique normal /3-invariant state. Thus the associated modular group commutes 
with p and leaves p{M.yy) globally stable. Hence, by a result of Takesaki [27], pp 
is the unique normal conditional expectation leaving uj invariant or, equivalently, 
since any left inverse of p is normal and any state it leaves invariant is p-invariant, 
<p is the unique left inverse with a normal invariant state. 

To complete the proof, it suffices, since cu is faithful to show that for each £ e 
Z, r e N and 5 e (p'^,p''+^), 

a;(5p'^(X)Ap"(y)) ^ u{SA)u{Xp''{Y)) 

But for 77. > r and ^ > 0, we have 
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whose limit as n — > oo is uj{p^{X)Y)uj{SA). If £ < 0, a similar computation gives 
a limit u{X p~^{Y))u}{SA). Noting that u{SA) = unless £ = -k, we have the 
required result. 

□ 

The last result shows that our systems {Aiip, p) have some asymptotic Abelian- 
ness and a cluster property. These can be used, as usual, to derive further interesting 
properties. 

Lemma 5.5. Let r G No and E, E' he two projections in If there is an 

X e with Ep''{X)E' ^ 0, then there is aY e M^^^ such that Ep''{Y)E' ^ 0. 

Proof. We may suppose that X has grade k. Then letting F be the left support of 
p''{X)E', F e M^S^ and EF ^ 0. Now Ep'+''{X*)F ^ for some n since 

Ep^+^{X*)Fp''+'^{X) EFu{X*X) ^ 0. 

But then Efr{p^{X*)X)E' 0, completing the proof. □ 
Corollary 5.6. Let r denote the restriction of p to A^^^"* then 

{T\T') = {p-rpl^M^^\ re No. 



Proof. Let ^ be a projection in (r'', r'') then Ep^'iY)!^! - E) ^ for all Y e Mlp' . 
Hence by Lemma 5.5, Ep''{X){I - E) = for all X e M^, i.e. E e (p^ p^- ^ 

Note that for r — this corollary relates the centres of the two von Neumann 
algebras. We shall see later, that, with slightly strengthened hypotheses, cf. Corol- 
lary 5.12, {p"^ , p^) is in the zero grade part so that the spaces of intertwiners will in 
fact coincide. We also give at this stage a result of a similar nature which we will 
need later on. 

Proposition 5.7. Let A4^^ denote the fixed-point algebra of A4^^ under the mod- 
ular group of u> and p the restriction of p to . then 

{p\pn-{p',Pl^M^^\ re No. 



Proof. We must just prove the analogue of Lemma 5.5. The only point to note is 
that for the analogous proof to go through instead of taking X to be of grade k we 
must take it to transform like a character under the modular group. This can be 
done since the finite-dimensional spaces (p'',p*) are invariant under the modular 
group and their union is a total set in Al,^. □ 

If we consider a pair {Ai , p) consisting of a factor Ai and a normal endomorphism 
p and if Ai admits a unique normal p-invariant state and this state is faithful then 
we may define the Jones index of p to be (i(<^)^, where (p is the unique left inverse 
of p leaving the state invariant. We have just seen in Lemma 5.4 how this situation 
arises in our context. When the state in question is a trace, this definition coincides 
with the usual definition of the Jones index for the inclusion p{A4) C A4. This index 
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M each satisfy the above conditions then the Jones index of pa is a product of the 
Jones indices of p and a. 

To iUustrate the above construction and motivate what foUows, we consider a 
class of examples. We first take our object to be a finite-dimensional Hilbert space 
H of dimension d > 1 then Oh is just the Cuntz algebra. The von Neumann algebra 
Aiff^ has a faithful trace state and is an inductive limit of full matrix algebras. It is 
therefore the hyperfinite factor of type IIi. Since (C, H) ^ 0, Mh is the hyperfinite 
factor of type IIIi . 

d 

More generally, we can consider a faithful left inverse $ of -ff and construct 
the von Neumann algebra Ai^. This is a factor by Lemma 5.4 since any element 
commuting with H is necessarily invariant under p. However, we have the following 
stronger result. 

Lemma 5.8. Let 6 e (i?^, H"^) denote the unitary flip and a := an the endomor- 
phism of Ai^ generated by H then an X & Ai^ such that [X^a^{d)] = 0, r e No is 
a multiple of the unit. 

Proof. Since {X e : [X,(j'^{9)] = 0, r e Nq} is globally invariant under 

gauge transformations and weak operator closed, it suffices to prove the result 
when ax{X) = \^ X. First suppose /c = and pick F, Y' e (i/^ H'') then 

u{Y*XY') = u{d{s, l)Y*XY'e{s, 1)*) = u;{a{Y*)e{s, l)Xe{s, 1) V(y')) = io{a{Y*)Xa{Y')), 

provided s > r. Here 9{s, 1) permutes and H. Hence 

iYC^,XY'U = iY^^,V*XVY'C^) = {Y^^,^X)Y'Co,), 

for Y,Y' e Ur{H'',H'-). Thus X = so that X e CI hy Lemma 5.4. Now 

suppose k ^ 0, then X*X and XX* have grade zero and are hence equal to 
Now for every element Y of grade k, 

0{r + k,l)Ye{r,l)* p{Y) 

in the s-topology as r — > oo, since this is trivially true on the s-dense set Op''* 
and uj is invariant under the inner endomorphisms generated by the 6{s, 1). Taking 
Y = X and multiplying on the left by X*, we deduce that 

\\X\\H{r + k,l)e{r,l)* ^ X*p{X), 
as r — > oo. Applying $, we get 

Wxf^eir + k, i)eir, 1)*) ^ ^X*)X, 

as r ^ oo. But ^{X) is again of grade k and commutes with each cr^{0). It is 
hence just a multiple of X: ^{X) — jiX. Thus 

\\Xf^{d{r + k,l)e{r,l)*) ^Ji\\Xf. 

If X ^ 0, we can compute /it; it is just 



a;(^(r + /c,l)^(r,l)*) = 5]Af VO, 
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where the sum is taken over the eigenvalues of the density matrix determining 
the left inverse cf. Lemma 5.2. Writing 9{r; k) := 6{r + k, l)9{r, 1)* for short, 
^{9{r;k)) fxl and this would imply that uj{^{9{r;k)*^{9{r;k))) tends to jj.'^I. 
However, choosing an orthonormal basis ipi of H consisting of eigenvectors of the 
density matrix determining $, we have ^{Y) — Xiil!*Yipi. Thus 

H9ir;k)) = J2Xii;*p'i^i). 

i 

A further computation shows that 

u{H9{r;kr)H9{r;k))) = J2XI ^ fi-" 

i 

and this contradiction shows that X = and completes the proof. □ 

We now take our object p to be a continuous unitary representation of a compact 
group G on H. Now Op can be identified with the fixed points of Oh under the 
action of G induced by p [7] . Since the standard left inverse of p is just the restriction 
of the standard left inverse of H,A4p is just the von Neumann subalgebra of A4h 
generated by Op. As the state oj on A4h is invariant under the action of G, Mp is 
the fixed-point algebra of A4h under the action of G induced by p. More generally, 
any faithful left inverse <f of p extends to a G-invariant faithful left inverse $ of H. 
Hence, arguing as above, is the fixed-point algebra of under the action of 
G induced by p. 

It follows from Lemma 5.8, that M.,p' HM.^ = CI and that M.!^^ and hence Mip 
are factors but this lemma also yields a stronger result. 

Theorem 5.9. Let p be a continuous unitary representation of a compact group G 
of finite dimension d > 1 then 

{p^,pn = {p'',pn, r,8eNo 

on M^. 

Proof. Let X e and e -0' e then ip'*Xilj e M^' n M<^ so that 

'iIj'*XiP e CI. Thus X e (i?^ H') nM^ = (p^ p') as required. □ 

On the basis of the above result, it is clear that two systems of the form p) 
are isomorphic if and only if the density matrices defining the left inverses $ are 
unitarily equivalent. 

Now S. Popa [22] has introduced various notions of amenability for inclusions of 
factors with finite index, at the same time providing a classification. In particular 
the graph Tj^^_\4 of an inclusion Af C M. of factors is said to be amenable if ||rjv',M IP 
equals the minimal index of the inclusion. The analogue condition for an object 
p of a tensor C*-category is the equality d{p) = ||to^|| discussed at the end of 
§3. We prefer, however, to take the conclusions of Theorem 5.9 as the definition 
of an object p being amenable. The analogous property for p considered as an 
endomorphism of the C*-algebra and proved as Theorem 3.5 of [7] will be termed 
C* -amenable. A special object in a symmetric tensor C*-category is C*-amenable, 
Lemma 4.14 of [6]. In the same way if is a normalized left inverse for p, we say 
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endomorphism of M.^. This definition is closely related to one of the consequences 
of what Popa terms strong amenability, namely that the relative commutants in 
a Jones tunnel coincide with the relative commutants in the associated standard 
model Af"^ C M""*, i.e. 

A/;-*' n AAf = A/;' nAfj. 

Associated with an object p in a tensor C*-category T we have a tensor C*- 
category, Tp, whose objects are the integers No and where (r, s) = {p^,p^) r, s e 
No, with the structure inherited from T. In practice the objects will usually 
be distinct, in particular when d{p) > 1, and Tp can be identified with the full 
subcategory of T whose objects are the powers of p. When p is an object of 7/, 
the construction of Ai^p provides a natural *-functor F^p of Tp into the full tensor 
C*-subcategory of End(7W(^) whose objects are the powers of p. maps p^ to 
the endomorphism p*" and an arrow T into its embedding in A1<^ again denoted by 
T. Then (p amenable just means that the functor is full, i.e. that 

(p^p^) = (p^p^) 

for all integers r, s > 0. 

Note that we are assuming {l, l) = C hence, if (f is amenable, then is a 
factor since 

Z{M^) = = {L,i) = C. 

In our discussion of Op and Ai^p we have, up till now, made no direct use of a 
conjugate p for p; indirectly, of course, it has been used to provide a standard left 
inverse. The problem, of course, is that p cannot, in general, be regarded as an 
endomorphism of Op or A4ip nor can solutions R, R of the conjugate equations, in 
general, be interpreted as elements of Op or A4^p. However, the following results 
provide a certain substitute. 

Lemma 5.10. Let p, an object of 7}, have a conjugate p that is a direct sum 
of subobjects of tensor powers of p and let F : Tp ^ T be a tensor * -functor 
into a strict tensor C* -category T with subobjects and (finite) direct sums. Then 
p :— F{p) has a conjugate in T and for every left inverse ip of p associated with 
solutions of the conjugate equations there is a left inverse (p of p such that, with 
an obvious abuse of notation, F(p = pF. If the units of T and T are irreducible 
then d{p) < d{p) . If, furthermore, the map from (p, p) to (p, p) induced by F is 
surjective then d{p) = d{p). 

Proof, p is a direct sum of subobjects of tensor powers of p. Take a direct sum 

of objects representing the images of the corresponding projections under F. This 

can be done since T has subobjects and direct sums. The resulting object should 

be a conjugate for F{p). This can be checked by taking solutions of the conjugate 

equations for p, using them to construct solutions of the conjugate equations for 

p and performing the necessary computations. Those who wish to avoid explicit 

computations can take the following longer route. The obvious full and faithful 

canonical tensor *-functor from Tp to T extends to a full and faithful tensor *- 

functor between the canonical completions C{Tp) and C{T) under subobjects and 

direct sums (see Appendix). Since C{Tp) contains an object whose image is a 

conjugate for p, this object must be a conjugate for p considered as an object of 
r^i'T \ M 17 ]„ J- J- * .J- — r^i I7l^ . r^i'T \ . riin'\ — r^i -n^\ i ^\ i 
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a conjugate which can be taken to be in T as every object of C(T) is equivalent to 
an object of T. The remaining assertions are now obvious. □ 

Proposition 5.11. Let p have a conjugate p which is a direct sum of subobjects 
of tensor powers of p then p has a conjugate p in Endjvl^p and the index of the 
inclusion p{M.^p) C M.^ with respect to the normal conditional expectation £ := p<p 
is 

In particular, if Aiip is a factor, d{p) < d{p) and if (p is amenable, d{p) = d{p). 

Proof. We apply Lemma 5.10 to the functor F^p from Tp to EndA4(^ noting that the 
image category not only has subobjects but also direct sums since M.,f, is properly 
infinite. It only remains to remark that the formula for the index follows from [15], 
since we have a solution of the conjugate equations for p with associated left inverse 
d{if)ip. □ 

We now want to give conditions implying that </? is amenable. One possibility 
is to follow the path taken in [6] when proving (Lemma 4.14) that special objects 
in a symmetric tensor C*-category are C*-amenable. We will first generalize the 
most important step, the Grading Lemma, Lemma 4.5 of [6]. 

Lemma 5.12. Let p be a unital endomorphism of a C* -algebra A and suppose 
that for each m G N there is an isometry Sm G (t,p"'^"^-*) such that 

where \m = A;^, p{\m) = ^m, \\^m\\ < 1 and 

1 + l|Am|' 



I A. 



< +00. 



Then [p]^, the norm closure of [p] = Lir,r+k>o{p^ , P^'^^) , k E Z, determine a 
grading of the C* -algebra that they generate and the canonical map of Op into A 

is injective. 

Proof. Let 

— m n 

x = xo + {Y. +E)^fe 

k=—n k=m 

■ k 

with Xh e [p] then, setting 

X' = {I- p-{\^))-\p-{S*JXp-{Sm) - p'-{\m)X), 



we have 



where 



—m — l n 

x' = xo + {Yl + E )^^' 

k=—n k=m+l 



• k 
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provided r is chosen so that each G {p^ ^p^^^). We conclude that X = imphes 
Xq = 0. But X = imphes X*X = and (X*X)o = Efc so Xk = 0. Thus 

the hnear span of the [pf is a Z-graded *-algebra [p]. Now ||X'|| < ||X||. 
Thus 

iwi<nl^wi<+- 

This computation shows that the projection mo onto the zero grade part of [p] 
is continuous for any C*-norm on [p] (cf. Lemma 2.10 of [7]). The argument of 
Lemma 2.11 of [7] now shows that [p] has a unique C*-norm extending the C*-norm 

on [p] . But [p] being an inductive hmit of C*-algebras admits a unique C*-norm. 
Hence [p] admits a unique C*-norm which must be the C*-norm defined by both 
Op and the ambient C* -algebra A. Thus the canonical map of Op into A is injective 

■ k 

and the [p] determine the grading on the image. □ 

We immediately have the following corollary. 

Corollary 5.13. Let p he an object in a tensor C* -category and suppose that for 
each m e N there exist an isometry Sm £ (i, p"^"^-*) such that 

® Ip™ O Ip™ ® Sm '■= ^m, 

satisfies the conditions in Lemma 5.11. If p denotes the canonical endomorphism 
on Op then [p]^ = Of^. In the same way if p denotes the canonical endomorphism 
on M.^p, where cp is a normalized left inverse for p, then [p]'^ is a-dense in A4.^i^\ 

In all applications of the above corollary to date, \m = ±(i~"^ 1pm. Apart from 
the case of special objects in a symmetric tensor C*-category (cf. Lemma 3.7 of [6]), 
the result applies to rea/ objects of dimension greater than one in an arbitrary tensor 
C*-category. These are objects p for which there is a solution R e it,p'^), R = 
R of the conjugate equations. In particular p is self-conjugate. To see that the 
corollary can be applied, it suffices to note that any power p"^ of a real object is 
real. The corresponding operator R can be computed inductively using the formula 
for products given in the proof of Theorem 2.4: 

Rm = 1/3 (8) Rm-l <8) Ip o i?; i?i = R. 

Thus i?;^ o R^ = where d := R* o R. We can now take Sm = Vdr^Rm in 
Corollary 5.13. 

It is easily checked that the direct sum of real objects is real and that an object 
of the form a (B a or aa is real. If p is self-conjugate and irreducible then we can 
either choose R = R or R = —R. The second case we call pseudoreal adopting the 
terminology used for group representations. We may now give a characterization 
of real objects in terms of irreducibles. 

Theorem 5.14. An object p is real if and only if (cr, p) and {^,p) have the same 
dimension for any irreducible cr and (cr, p) has even dimension for any pseudoreal 
irreducible a . 



Proof. If p satisfies the conditions of the theorem, it is real by the above remarks. 
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satisfied. Now suppose cr is a pseudoreal irreducible, then consider the antihnear 
map X I— > X* on (cr, p) where we agree to take Rp = Rp and R^ = —Ra- In 
this case, it is easily checked that X** = —X. This implies that (cr, p) has even 
dimensions. □ 

This characterization of real objects and the above formulae make it clear that 
wc may restrict ouselves to standard solutions of the conjugate equations when 
defining real objects. 

If we can take ^ = — i? as in the case of a pseudoreal irreducible then again 
Corollary 5.12 is applicable; the formulae differ from the real case only by the 
presence of a minus sign when m is odd. It is thus natural to ask whether Corollary 
5.12 may be applied to any self-conjugate object of dimension greater than one. 
Wc do not know the answer. 

The next lemma provides a simpler and more general way of proving C*-amenability 
than that taken in Lemma 4.14 of [6]. 

Lemma 5.15. Suppose that [p]^ — and that, for some n eN, {i, p^) ^ then 
p is C* -amenable. 

Proof. If 5 G (i, p"") is an isometry, so is 5®"^ G (<., p"^""), m G N. Suppose X G 
(p'^,p'^) then X = p"" {V*) X p"^ {V) for any isometry V. Since [p]'^ = Op, we can 
find Xm G (^pr+H'm)n^ ps+k{m)n-j Converging in norm to X. Picking an isometry 
G (t,p'=(-)") and setting := p'{S;,)XmP'^{S^) G (p^p^) we have 

WYm - X\\ < \\p%S*J{Xm - X)p-{Sm)\\ < \\Xm " X\\. 

But (p*^, p*) is closed so X G (p^, p*) and p is C* -amenable. □ 

We now give a criterion for (p to be amenable in the form of a theorem. 

Theorem 5.16. Let p be real or irreducible and pseudoreal then p is C* -amenable. 
Let R G {i, p^) be such that 

R*XR=d{ip)if{X), Xe{p,p), 

then (fi is amenable if and only if 

R*XR = d((p) (p(X), X e (p, p) . 

Hence, in particular, in this case d{p) = d{p) and is a factor. 

Proof. The C*-amenability of p follows from Corollary 5.13 and Lemma 5.15. Now 
define Sm as following Corollary 5.13. This corollary shows that {p^,p^) C Aip^ ^\ 
Hence, given X G {ff ,p^) there exists X^ G (p^+^("^)^ uniformly bounded 

such that Xm^^ tends to X^^. Set Ym = p^{Sl^^^-^)XmP'{Sk{m)) e (p'',P*) and we 
have 

Ym — X)^^\\'^ = \\p''{S^^^){Xm — X)p'^{Sk(m))^uj\\'^ 

< \\{X^ - X)p^{Sk^^^)U\' = ^{p''{Skm))iXm - XnXm - X) p^ (Skim))) ■ 

Now (Xm - X)*(Xm -X) e (pr+Hm) ^ ^r+k{m)^ fo^, g^^j^ element B we 
have 
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where -0 is the right inverse of p such that 'ip^^^ — (p^^^. Although we do not, a 
priori, know that Al^ is a factor, we may still conclude that the same relation 
holds between the powers of (p and since the computation in Theorem 3.8 is 
valid without assuming the tensor unit to be irreducible. Since, cu o (p = u, we get 

We conclude that \\{Ym — -'^)^a;|| < Wi^m — -'^)^a;|| so that Ym^^j converges to X^^j. 
Since is separating and Ym is uniformly bounded, Ym converges to X in the 
strong operator topology. But {p^ , p^) is closed in this topology, so X e {p'^,p^) 
and <f is amenable. The converse is trivial. □ 

The following result is an immediate corollary. 

Corollary 5.17. Let p be real or irreducible and pseudoreal then ip is amenable if 
and only if {p, p) = {p,p). 

In a way, the natural condition for ip to be amenable would be simply that 
d{p) = d{p). However, we do not know a priori that Ai^ is a factor so that 
d{p) might not be defined. Therefore, in the next result, we add a condition which 
guarantees that Ad^isa, factor and which is anyway automatically fulfilled whenever 
M is a factor. 

Theorem 5.18. Let p be real or irreducible and pseudoreal and suppose there is 
an R & (i, fP') such that 

R*XR = d{ip) (p{X), X e{p,p), 
then M.ip is a factor and if d{p) = d{p) then Lp is amenable. 

Proof. Let Z be in the centre of A^<^ then R*ZR = ZR*R = Zd{ip). Hence 
Z = 0{Z) so that M.^ is a factor by Lemma 5.4. Since d{p) — d{p), a standard 
R' e (i, p^) for p will also be standard for p. Hence 

R'*XR' = R'*p{X)R', X e (p, p). 

Now there is an invertible Y e (p, p) such that lp®Y o R' induces d{(p)(fi. Hence 

R'*p(Y*XY)R' = d{ip) (p(X), X e M^, 

so for X e (p, p) this is just R'*Y*XYR' and taking Y (S)lpoR' for R in Theorem 
5.16, the result follows. □ 

Corollary 5.19. Let p be real or irreducible and pseudoreal then if if is not amenable, 
either Ai^ is not a factor, or if it is a factor d{p) > d{p). 

Corollary 5.20. If p is real or irreducible and pseudoreal and d{p) = ||m''|| then 
is amenable if and only if A4ip is a factor. 

Proof. d{p) = \\mP\\ < \\mP\\ < d{p) < d{p) so that we have equality everywhere. □ 
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Proposition 5.21. Let p be real or irreducible and pseudoreal and let Ai^p be a 
factor then is amenable. 

Proof. It is obvious from Lemma 5.12 that A4<^ = Mip and p = p. □ 

For our next example, we would like to make contact with the work of Popa. To 
facilitate this we give a result relating an endomorphism p and its restriction to the 
grade zero part. 

Proposition 5.22. Let p be real or irreducible and pseudoreal and let r denote the 
restriction of p to Of^ then 

{prrpl^iT^T^), re No, 

hence = Furthermore, if Op has trivial centre, d{p) = d{r). The 

analogous statement holds if Op is replaced by Ai^p. In the case of M.^, the Jones 
indices of p and r coincide. 

Proof. To prove the equality {p^ , p"^) = (r^,r''), it suffices to consider the case of 
M ^p since this implies the result for Op. However, this case is a consequence of 
Corollary 5.6 and Corollary 5.12. Now by the characterisation of left inverses in 
Lemma 2.5, every left inverse x of p preserves the grading and defines a left inverse 
of T by restriction. Since (p, p) = (r, r), every left inverse of r arises in this way. In 
particular, the standard left inverse arises in this way. However, the dimensions of 
the faithful left inverses cannot change on restriction since the corresponding Jones 
projections have grade zero. Hence d{p) = ^(t). For the same reason, the Jones 
indices of p and r coincide. □ 

Proposition 5.23. Let H <Z Ai be a proper inclusion of properly infinite factors 
with normal conditional expectation 8 and Vj^/^j^ amenable and ergodic then (p is 

amenable, where is the left inverse of the canonical endomorphism ^ : Ai ^ H C 
Ai induced by S (i.e. the composition of £ and its dual). 

Proof. Saying that r_\f^_\4 is ergodic in the sense of Popa just means that the com- 
pletion of U^(7'^, 7"^) in the representation of the trace induced by £^ is a factor of 
type III [24] . For our purposes, we do not need to assume that S induces a trace on 
the relative commutants in the tunnel and interpret ergodicity to mean simply that 
is a factor. But by Proposition 5.22, Aiip is then a factor. Since amenability 
of Tj^f ji^ in the sense of Popa means that ||m'''|| = ||r^ is the minimal index of 
the inclusion, i.e. ^(7) = and 7 is real, the result now follows from Corollary 

5.20. □ 

We therefore see that amenability in the sense of Popa is closely related to our 
use of the term. Indeed, by using Popa's results we obtain a partial converse to 
Corollary 5.20. Our argument involves the endomorphism p, the restriction of p to 

Lemma 5.24. The following conditions are equivalent. 

a) Some Jones projection of p lies in AA^\ 

b) Some Jones projection for (p lies in mS^^ . 

c) Some Jones projection for the standard left inverse of p lies in Ai^S^ . 

Under these conditions every normalized faithful left inverse of p has a unique 
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this extension lies in AlS^^ Furthermore \\'m'^\\ < \\m^\\, d{n) ~ d{p) and the 
Jones indices of fj, and p coincide. These equivalent conditions are implied by the 
following: there is a solution R, R & (t, p^) of the conjugate equations such that 
both R and R define (p. In this case, we say that is selfconjugate. 

Proof. We first show the equivalence of the three conditions. Suppose R, R E {i, fP") 
solve the conjugate equations and are such that RR* G A^i?'*. Then at{R) = 
a^^R, t G M, for some a G M+. If x is the corresponding faithful normalized left 
inverse of p, then C Aij^^ and x restricts to a faithful normalized left 

inverse of p,. By Lemma 2.5, every faithful normalized left inverse of p is of the 
form A 1-^ x{^*^X) for some X e (p, p) with x{X*X) = 1. Now {p, p) C (p, p) by 
Proposition 5.7, so the same formula defines a faithful normalized left inverse of p 
and, since X*-^RR*X-^ G M^^\ there is an associated Jones projection in TWL^'*. 
Since any faithful normalized left inverse of p is uniquely determined by its values on 
a Jones projection, every faithful normalized left inverse of p has a unique extension 
to a faithful normalized left inverse of p. Since both (p and the standard left inverse 
leave globally stable, a) implies both b) and c) so the conditions are obviously 
equivalent. Now any faithful normalized left inverse of p has the same dimension 
as its extension to a normalized faithful left inverse of p since a Jones projection 
for the latter lies in A4'^\ It is now clear that ||m^|| < d{p) = d{p) and that 

the Jones indices of p and p coincide. Now suppose that R and R both define ip. 
Then if 5 e {l,p^), 



u;{SA) =uj{p^{A)S) =u;{A(p^{S)), AeM 



Hence (Ti{S) = (p^{S). However, since R defines (p, (p{R) = d{(p)~^R, and since R 
also defines (p, <pP'{R) = d{(p>)~^R so R transforms like a character under the modular 
group. Thus the corresponding Jones projection, which is a Jones projection for 
(p lies in Aij^K The equivalent conditions are therefore fulfilled whenever (p> is 
selfconjugate. □ 

Theorem 5.25. Let p be real or irreducible and pseudoreal. If (p is amenable and 
selfconjugate then d{p) — The same conclusion holds if <p> is amenable and 

uj is tracial on M.'^^\ 

Proof. When (p> is amenable. Proposition 5.7 shows that TWL^'* is a factor and that 
Ur{p^ , p^), r G No is dense in Thus p{M.^^) C Ail^^ is a strongly amenable 

inclusion of type J/i -factors by Theorem 4.1.2(iv) of [23]. Hence ||m'^|| = d{p), see 
the remark following the proof of Theorem 5.3.2 of [23]. But if (p is selfconjugate, 
then by Lemma 5.24, d{p) = d{p) = \\m^\\ < \\m''\\ < d{p), as required. If uj 
is tracial on Ai^\ one may either note that the equivalent conditions of Lemma 
5.24 are satisfied, or, for a more elementary proof use the endomorphism r and 
Proposition 5.22. □ 

We do not know whether Theorem 5.25 is valid for all amenable ip. The results 
we have obtained justify the term "amenable" for (p by analogy of Popa's use of 
strongly amenable for the graph of an inclusion [24] . 

We now consider further examples to complement the above discussion. We 
begin with the fundamental representation of SUq{2), pi, first taking g to be a root 
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irreducible objects; it is a rational tensor C*-catcgory [8]. As a consequence of 
Popa's classification [23] we have 

Proposition 5.26. Ifq"' = 1 then pi is an irreducible endomorphism of M.p^. The 
inclusion pi{M.^p^) C M.^p^ is isomorphic to Wenzl's suhf actor [29]. 

Proof. The inclusion C M.^pi and Wenzl's subfactor have the same stan- 

dard invariant (they both generate a tensor category isomorphic to the dual of 
SUq{2)), hence they are isomorphic inclusions [23]. □ 

Now suppose that q e (0, 1). Since the principal graph of tensoring by pi is A^o, 
Atpi\ the grade zero part of Mp^^, is a factor [11]: indeed we have 

Proposition 5.27. Mp-^ is a factor of type III\, A = (g + q^^ Y ■ 

Proof. M^p^ is a factor, hence M.p^^ is a factor by Corollary 5.3. Since in this case 
(pi'~,pi^+^) = 0, r G No but (<-,pi^) ^ 0, the statement follows by Corollary 5.3 
and the computation of d{pi) in Section 3 or compare e.g. [28]. □ 

We therefore have an inclusion of factors pi(A^pi) C M.p^ associated with the 
fundamental representation of SUq{2), 

Proposition 5.28. d{pi) = 2. 

Proof pi{M^p^) C M^p^ is an inclusion of type //i -factors with Jones index d{pi)'^. 
The inclusion is known to be reducible, in fact it is just given by the direct sum 
of two automorphisms. Hence if r denotes the restriction of pi to d^r) = 2. 

However, (i(r) = d{pi) by Proposition 5.22. □ 

Corollary 5.29. The fundamental representation of SUq{2), q G (—1,1), is not 
amenable. 

There are uncountably many inclusions of factors with graph and hence 
uncountably many Ocneanu connections [20] on the graph A^o- 

We note that Corollary 5.29 yields an example of a non-amenable tensor C*~ 
category whose tensor product is commutative. Now there is a certain belief that 
Abelianness is responsible for the amenability of the dual of a locally compact 
group. This example shows that matters are not quite so simple and that one has 
to distinguish different notions of Abelianness. The notion in the following result 
is sufficient for amenability. 

Lemma 5.30. Let p satisfy the conditions of Corollary 5.13 and suppose there is 
a unitary £ G (p^, p^) such that 



e{s, l)oX®lp = lp®Xo £(r, 1), X G (p^ p"). 



where 



£(0,1) = lp, e{r,l)^e®lpr 



1 olp®e{r -1,1) 



then on Op we have 



p{X) = lim e{s + k, l)Xe{ 



s,l)*, XeO'^p^^ 



and in particular 
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The analogous relations hold on Ai^p if the limit is understood in the s-topology 
provided the state u) defined by ip satisfies 

uj{sXe*) =uj{X) XeM^°\ 

thus in particular if cu is tracial on A^^°^ More generally, the condition is fulfilled 
if and only if e commutes with e~^^ , where e~^^ is as in Lemma 5.2. The </? that 
satisfy this condition are amenable. In particular, p is amenable. 

Proof. In the case of Op the proof foUows Corollary 4.7 and Lemma 4.14 of [6]. In 
the case of it suffices to show that e{s + k, 1)*^^; ~^ p{.^)iuj since 

is separating for M.ip. Now if F e (p'', p^^'^) and s > r, 

\Ms+k,l)Xe{s,ir-p{X))i^\\ < \\e{s+k,l){X-Y)e{s,irU\ + \\piX-Y)U\^2\\{X 

as required. The rest of the proof follows as for Op replacing convergence in the 
norm by convergence in the s-topology. This is possible since (p is continuous in 
this topology (cf. Lemma 5.1). □ 

Of course, we can find an e G {p^ , p^) with the required properties if Tp admits 
a unitary braiding. However, the above conditions are weaker and are known to be 
fulfilled when p is the regular representation of a Kac-system in the sense of §6 of 
[1]. We will refer to £(•, 1) as a unitary half -braiding. Thus a unitary half-braiding 
suffices for amenability but a non- unitary braiding, as in the case of SUq{2), q e 
(— 1, 1) does not. 

We end this section by summing up the result of the previous lemma in the form 
of a theorem. 

Theorem 5.31. Let p be a real object or an irreducible pseudoreal object in a strict 
tensor C* -category. Then if p admits a unitary half-braiding it is C* -amenable 
and amenable and in fact </? is amenable whenever the state u associated with (f is 
tracial on 
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6. Inclusions of Factors and Hopf Algebras 

As a further application of our methods, we give a description of two classes of 
inclusions of factors, the standard AFD inclusions and the standard graded AFD 
inclusions. As compared with the last section, there is a change of objective. There 
it could be said that we were studying endomorphisms of von Neumann algebras 
starting with objects in a tensor C*-category. Here instead, we will be studying 
inclusions of von Neumann algebras and we need to start from more particular data. 
We thus define an abstract Q-system to be a pair (A, S) consisting of an object A 
in a strict tensor C*-category T with d{X) > 1 and an isometry S e (A, A^) such 
that 

a) 
b) 

I T* 1a o 5 = 1a 

for some (unique) T e (t, A). 
If in addition 

c) (t. A) is one-dimensional, the Q-system will be said to be irreducible. 

Apart from occasional remarks, we shall continue to suppose, as in §5, that 
the tensor unit t is irreducible. We recall from Section 2 that if l is irreducible 
we automatically have such a structure whenever A is a canonical object. If l is 
reducible, it is not clear that we can take S to be an isometry since it is not clear 
that R* o R is invertible. Invertibility in fact corresponds to the notion of finite 
scalar index in the theory of inclusions of von Neumann algebras. An isomorphism 
of abstract Q-systems will be an isomorphism of tensor C*-categories 7a preserving 
the distinguished inter twiners T, S. 

Note that the object A is selfconjugate and even real, indeed the conjugate equa- 
tion is satisfied with X = X, R=R = SoT. We denote the corresponding 
normalized left inverse by </p so that 

d{X) < d{if) = ||rf ||5f = ||rf . 

Wc shall sec however that d{X) = HTlp if the Q-system is irreducible. It should be 
noted that not all faithful normalized left inverses of A can arise in this manner. In 
particular, any such 9? is obviously selfconjugate. 

When T is the category of unital normal endomorphisms of a von Neumann 
algebra A^, it was shown in [18] that A is the canonical endomorphism corresponding 
to a uniquely determined von Neumann subalgebra A/" of Af . The main step in the 
proof consisted in writing an explicit formula for a conditional expectation onto 
this subalgebra, namely 

A ^ S*XiA)S. 

This step has a categorical analogue. We shall not need a formal definition of a 
conditional expectation on a C*-category here. We will only deal with those arising 
from left and right inverses. If is a left inverse for p then defining for each pair 
of objects cr, T, 
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gives us a conditional expectation onto the image of the functor of tensoring on the 
left by Ip. Similarly, we get a conditional expectation onto the image of the functor 
of tensoring on the right by Ip by starting with a right inverse. The idea here in 
dealing with a canonical object A is to imagine that X = pp and write down the 
conditional expectation onto the image of tensoring on the left by p. We work on 
the category Tx and define for r, s e N, 

Sr,s{X) S* ® Ixs-i olx0XoS(^ Ixr-i, X e (A^ A"). 

It is easily checked that 5r,r is faithful and a completely positive projection of norm 
one and the same holds for a matrix with entries 5r^s-i = 1,2, ... ,n. Since S 

is in the image of 5 by a), S o S* is also in that image. In fact (52, 2 ('5' o S*) > 
Si,2iS)o5i^2iS)* = SoS* and letting 62,2 act on the difference 52,2(8 o S*) - S o S* 
we get 0, thus 52,2(5' o S*) = S o S* because d is faithful. Computing X* o X for 
X := Ix ^ S* o S ^ Ix — S o S* , we see that for any abstract Q-system we have 
d) 

Ix^S* oS^lx = SoS*. 
This condition was included as part of the definition of a Q-system in [18]. 
Lemma 6.1. The image of Sr,s is the set ofYE (A^, A*) such that 

1a <8) F o 5' (g) l^r-i = S (S> 1a«-i o Y- 

Proof. It is a simple computation using a) and d) to show that Y — 5r,s{X) satisfies 
the required relation. On the other hand if Y satisfies the relation, Y = 5r,s{Y). □ 

On the basis of this lemma, it is clear that the image of 5 is a C*-subcategory 
which is closed under tensor products. It fails to be a tensor C*-category because 
the tensor unit is not in the subcategory. There is also another conditional expec- 
tation, obtained conceptually by thinking of a right inverse for p and leading to 
another C*-subcategory closed under tensor products. The formulae are obtained 
by interchanging tensoring on the left by A with tensoring on the right by A. This 
second possibility will, however, play no role here. 

Now an abstract Q-system gives rise to an inclusion Af^p C A1<^ of von Neumann 
algebras, where J\fip denotes the von Neumann subalgebra generated by the above 
subcategory. Furthermore, we have an endomorphism A of A^<^ and intertwiners 
T e {l, X), S E (A, A^) satisfying the relations a) and b) above. Thus we have a 
Q-system in the sense of [18] except that A4<^ might fail to be a factor. It follows 
by the analysis in [18] that A is the canonical endomorphism of M^p with respect 
to the subalgebra jV^ since this is just the image of Al^ under the conditional 
expectation S, £{X) := S*X{X)S. Thus 

M^ = {XeM^:SX = X{X)S}. 

In particular, Afip is stable under gauge transformations. The normal conditional 
expectation will be understood as part of the data when talking about inclusions 

£ 

and we write Af^pd/Aip to emphasise this. The Q-system not only singles out the 
conditional expectation but also a particular choice of the Jones tunnel and a set 
of Jones projections. The Jones tunnel is 

• • • A(7V^) c X{M^) cAf^c M^. 

The Jones projections are as follows: £^0 = d{Lp)~^TT* , Ei = SS*, and £^^+2 = 
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Lemma 6.2. If X e (A^A^) then 

dT'^^ EqE\ ■ ■ • E2sXE2r • • • EiEq = X{X)Eq, 

where d — d{(f). 
Proof. 

TT*SS* ■ ■■X'-\SS*)X'{TT*)XX'{TT*) ■ ■ -TT* = TX'{T*)XX'{T)T* = d'^X(X)Eo, 

as required. □ 

Passing to the grade zero part we get an inclusion J\f^^ (ZM.!^^ of von Neumann 
algebras and we denote by r the restriction of A to the homogeneous part. Since 
the Jones projections are of grade zero, 

•••r(AAW)cr(>t(°))cAA(°)cA<S') 

is a Jones tunnel. Furthermore, by Corollary 5.6 

(r^r'■) = (A^A'^), r G Nq. 

Now the union of the relative commutants in the tunnel is just U^(r^,r^) and is 
hence dense in A^^"*. In fact our inclusion is just derived by the canonical procedure 
from the relative commutants in the tunnel. To see this we need only verify that 
the unique normal r-invariant state u> satisfies 

cuiSiiX)) = a;(X), X e M-i, ^ e No, 

where Si is the conditional expectation from A/i-i onto J\fi defined by 

^i{X)Ei_i = Ei_iXEi_i. 

Since £iJ^2'T~{.X) = TSi{X) and uj is r-invariant, it is enough to test i = 1 ,2 and 
hence alternatively to show that 

u{£^£o{X)) = uj{X), XeMj;\ 

However, we have 

Eo£o{X)Eo = d-^TT*S*T{X)STT* = t(p{X)Eq, 

so that £i£q — T(p and the result is now obvious. As far as the zero grade part goes, 
our construction therefore yields inclusions of a very special type. In fact, when lo 
is just a trace on M^^ so that we have a //i -factor, we have just verified that our 
inclusion is strongly amenable in the sense of [23] . 

Our next goal is to show that our inclusion A/i^cA^,^ can be reconstructed from 
its zero grade part. In fact, it is just the cross product of its grade zero part by an en- 
domorphism. To, see this we note that r is a canonical endomorphism in the sense of 

]„rol„;„„„ i ™„i _ ; ; j. „j.„j.„ 171 A/<(0)ir' Ika{^)\t7' 
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by Lemma 6.2 and the Jones projections fulfill the Jones relations. We can therefore 
define the cross product Ai of by the endomorphism tq, to{X) := t{X)Eq. 

M. is generated as a von Neumann algebra by M.^^^ and an isometry W satisfying 

WXW* = t{X)W, X e M'^^l 

T extends uniquely to an endomorphism f of such that 

f(W) = d((p)E2EiW. 

Furthermore, it is easy to see that Ai carries a continuous action a of the circle 
with at{W) — tW, t e T and Ad^"^ as fixed-point algebra. In fact, the restriction 
of cu to M'"^^ extends to an ct-invariant and hence faithful state ui on M.. 

We now compare A4, f and Al^, A. The *- subalgebra generated by W and 

Al^^ is uniquely determined by tq, (compare the discussion following Lemma 3.7 
of [7]). Hence there is a unique injective morphism x of this *-subalgebra into M^p 

which is the identity on M^p^ and satisfies x{W) = \/d{ip)T. It intertwines the 
actions of the circle and ui o x coincides with the restriction of Co. Thus x extends 
to an isomorphism of M. and M.^^ and since 

d(ip)E2EiT = X(TT*)SS*T = X(T), 

X carries f into A. Thus we recover the initial inclusion jV^, C Al^, and have proved 
the following result. 

Theorem 6.3. Let {S, A) be an abstract Q-system and (p the associated left inverse 
of X, then Ai^ is just the cross-product ofAi^^ by the endomorphism X i-^ X{X)Eq 
of M.^^ and X is the canonical extension of its restriction to A^^^"*. 

We now want to characterize the two classes of inclusion discussed in this sec- 
tion and begin with the appropriate definitions. Suppose we have an inclusion of 

properly infinite factors M dM. so that there is a Q-system (A, S*), where A is an 
endomorphism of M. and S E M. satisfies £{X) ~ 5'*A(X)S', X G M.. Since any 
other such Q-system is of the form X',S', where A' = a^d{U)X and S' — US, U 
being a unitary of A/', U induces an isomorphism of abstract Q-systems. Hence 

different associated Q-systems yield isomorphic inclusions Af^ <zM.tp. If this inclu- 

sion is isomorphic to the original inclusion, we say that N C A^ is a standard graded 
AFD inclusion. On the other hand, even if our factors are not properly infinite, we 
can choose a Jones tunnel and construct the associated inclusion obtained from the 
relative commutants. Again, as is well known, different choices of the tunnel lead 
to isomorphic inclusions. If this inclusion is isomorphic to the original inclusion, 

we say that N dM. is a standard AFD inclusion. 

Theorem 6.4. Every standard AFD inclusion is the grade zero part of a standard 
graded AFD inclusion. 

Proof. If we tensorialize a Jones tunnel with an infinite factor, the inclusion derived 
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however, has an associated Q-system. This Q-system defines a model graded 
inclusion whose zero grade part is, as we have seen above, derived from the relative 
commutants in the associated Jones tunnel. □ 

Of course, the standard graded AFD inclusion defined by an abstract Q-system 
(A, S) depends only on the Q-system (A, S). (A, S) and (A, 5*) are isomorphic if and 
only if the associated left inverse 99 of A is amenable. In this case, we say that the 
Q-system (A, S) is amenable. Hence, we can sum up the above discussion in the 
following way. 

Corollary 6.5. There is a natural 1-1 correspondence between isomorphism classes 
of amenable abstract Q -systems, standard graded AFD inclusions and standard 
AFD inclusions. 

Of course, it is hardly surprising that the image of the irreducible amenable Q- 
systems under this correspondence is precisely the set of irreducible inclusions. To 
see this we note that in a Q-system (A, .S), there is a 1-1 correspondence between 
the elements of (i, A) and those elements Y of (A, A) that satisfy Y ®l\o S = S oY . 
X G (i, A) corresponds to S* o Ix ® X E (A, A). However, the relative commutant 
of Nip in Jvl^ is easily seen to be {Y G (A, A) : YS = SY}. Now, the relative 

commutant of A/^"^ in M^^'^ is just {Y G (r, r) : YEi = EiY}, where Ei = SS*. 
It is not so obvious that this relative commutant is just the grade zero part of the 
previous relative commutant but the question is closely related to that resolved in 
Corollary 5.6 and the same techniques work. 

Lemma 6.6. 

A/Jo)'nM5,°)=A/'/nM^. 

Proof. Let E, E' be two projections in M^^^ . If there is an X G M^p with EXE' 7^ 0, 
we see as in the proof of Lemma 5.5 that there is a Y G such that EYE' ^ 0. 
The result now follows by the argument of Corollary 5.6. □ 

Now the Jones index of an irreducible inclusion coincides with the minimal index. 
Hence for an irreducible Q-system d{X) = \\T\\. 

Let us call a Q-system rational if the completion of T\ under subobjects contains 
only finitely many inequivalent irreducible objects. This is obviously corresponds to 
the notion of finite depth in the theory of subfactors. As one sees from the class of 
examples discussed following Corollary 5.6, in our framework, the Jones index does 
not necessarily coincide with the minimal index for an inclusion of factors of finite 
depth, i.e. such inclusions are not necessarily extremal in Popa's terminology [2 3]. 
This is because we have not imposed the condition that uj defines a trace on the 
grade zero part. The Jones index, therefore, has no reason to be a Perron-Frobenius 
eigenvalue. For the same reason, we do not know whether a rational Q-system is 
necessarily amenable since M.ip might possibly fail to be a factor. Of course, if u 

is a trace on M.^^^ then the Q-system is amenable since finite depth inclusions are 
amenable in Popa's setting[23]. 

As an application, we characterize finite-dimensional Hopf algebras in terms of 
tensor C*-categories. 

Notice that, as a consequence of Popa's classification [23], we also have a bi- 
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//i-factors and amenable (finite depth) irreducible inclusions of injective IIIi- 
f actors. 

Theorem 6.7. There is a bijective correspondence between 
(i) Irreducible abstract Q-systems (A, S) such that 

A(8)A~A©A---©A {dtimesX) 

(ii) Finite-dimensional complex Hopf algebras of dimension d. 

Proof. This follows by Corollary 6.2 and the results in [18]. □ 

We recall from § 6 of [18] that to each Q-system defined concretely in terms of 
a von Neumann algebra there is a dual Q-system. We intend in a sequel to study 
this duality directly in terms of abstract Q-systems. 

7. 2-C*-Categories 

The formalism we have presented so far based on the notion of tensor C*- 
categories is not sufficiently general to cover all interesting applications and we 
must generalize to 2-C*-categories. In fact, this does not present the slightest dif- 
ficulty and we could have worked with the more general notion from the outset but 
for our wish to avoid unfamiliar and hence superficially technical concepts. 

Let us begin by understanding the typical situation not yet covered by our for- 
malism. Suppose we wish to consider the minimal index of an inclusion of factors 
N <Z M. directly. To fit in with our formalism to date, we need an object in a 
tensor C*-category. If M. and M are isomorphic, we can compose the inclusion 
with an isomorphism to obtain an endomorphism which is an object in a tensor 
C*-category. The intrinsic dimension of the endomorphism is independent of the 
choice of isomorphism and serves to define the index of the inclusion. However, 
there is a simpler way of looking at things. We should look at morphisms rather 
than endomorphisms of C*-algebras. There is no difficulty in generalizing the con- 
cept of conjugate. A morphism p from Aio B has a morphism p from ;B to ^ as a 
conjugate if there are R G {lj\,:PP) and R G {lb,Pp) such that 

R*p{R) = 1b; R*p{R) = U- 

As before, l denotes the identity automorphism of the algebra in question. All we 
need therefore is the correct way of formalizing this situation and this is provided 
for by the notion of a 2-C*-category. 

A 2-category may be conveniently defined as a set with two composition laws, 
(8) and o, each making it into a category. In addition 

a) Every ®-unit is an o-unit, 

b) The ^-composition of o-units is a o-unit. 

c) S' ^T' oS^T= (S'oS)^ {T o T) whenever the right hand side is defined. 
A 2-category is a 2-C*-category if, given any pair of (8>-units, the category whose 

elements are the subset having that pair as left and right (8>-units respectively and 
o as composition is a C*-category and if furthermore the (^-composition is bilinear. 

To illustrate this with the motivating example, we get a 2-C*-category by taking 
the set of intertwining operators of morphisms between elements of a given set of 
unital C*-algebras. o-composition is just the ordinary composition of intertwining 
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between r and r' then S'(8)T is defined if and only if the composition err (and hence 
also a'r') of morphisms is defined and 5'(8)T := Sa{T) considered as an intertwiner 
from err to a'r' . The o-units are therefore the unit intertwiners for the morphisms 
and may be identified with the morphisms themselves and the Cg>-units are the unit 
intertwiners for the identity automorphisms and may be identified with the algebras 
themselves. 

But this is only one example and not necessarily the most convenient one, even 
for studying inclusions of factors, so we give further examples and stress the point 
that the subject matter of this paper, conjugation, dimension and trace, is just an 
elementary part of abstract theory of 2-C* -categories. 

Of course, the classical example of a 2-category is the 2-category of natural trans- 
formations between functors between categories. Hence there is an obvious gener- 
alization of our motivating example which involves replacing unital C*-algebras 
by C*-categories and taking the set of bounded natural transformations between 
*-functors between C* -categories. We refrain from giving details since we shall not 
pursue this example here. The basic definitions of the terms involved can be found 
in [12]. 

Of more relevance to the present paper is the fact that the motivating example 
can be generalized by considering the set of intertwiners of morphisms from elements 
of a given set of C* -algebras with unit into matrix algebras over the given set. T 
is an intertwiner between two such morphisms p and a, written T e (p, cr), if 
p : Mm{B) and a : Mn{B) then T is an n x m matrix with entries from 
B such that T = Tp{I) = a{I)T and 

Tp[A) = (j{A)T, AeA. 

If r : B I— > Mr{C) then rp : A^ Mrn{C) where Tp{A) is defined by letting r act 
on each component of p{A). To give an explicit formula, if Pij{A) denotes the ij-th. 
entry of p(A), then 

(rp)y = n^j^pi^j^ where z = + ri2, j = ji + rj2. 

If e {p, p') and T e (r, r') then 

T0R = Tt{R) = r'{R)T 

is an element of (rp, r'p') This 2-C*-category has the advantage of being closed 
under finite direct sums and subobjects. 

We may also modify the above examples to cater for C*-algebras without unit. 
To do this, given two morphisms p and a from A to matrix algebras over B, an 
intertwiner T must be allowed to be in the appropriate matrix algebra over the 
multiplier algebra M{B) and must satisfy the condition that T = limTp{X(y) where 
is an approximate unit in A. 

In much the same spirit one could consider Hermitian bimodules over a set of C*- 
algebras, cf. [25], §8. Thus if A and B are C*-algebras we need a right Hermitian 
B-module, i.e. a right Banach B-module X with a B-valued inner product < , >, 
conjugate-linear in the first variable and linear in the second, such that, for all 
x,y E X and B & B, 
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b) <a;, yB> = <x, y>B, 

c) <x,y>* = <y,x>, 

d) \\x\\^ = \\<x, x>\\. 

A then acts on the left on X; in other words we have a morphism of A into 
the C*-algebra of i3-module maps of X into itself with adjoint. If Y is then an 
Hermitian i3-C-bimodulc, we can define the tensor product X(E)bY as an Hermitian 
^-C-bimodule spanned by elements x ® y, x e X, y e Y with a C- valued inner 
product such that 

<x ®y^x'® y'> = <y, <x, x'>y'>. 

Since X ®g Y is not defined uniquely by this procedure but only up to isomorphism, 
we will not get a 2-C*-category whose elements are bimodule homomorphisms since 
the (8)-composition will not be strictly associative. Rather than generalizing, and 
hence complicating, our formalism to deal with a problem which already arises at 
the level of tensor products of Hilbert spaces, we content ourselves with a framework 
where the (^-composition is strictly associative. 

Consider a C*-category and pick for each object A a C*-subalgebra A of {A, A). 
An Hermitian bimodule associated with this data is a closed subspace X of some 
{A, B) such that 

a) XA C X, 

b) BX dX 

X ^z. X ^ j^^. 

If X C {A, B) and Y C {B, C) are two such Hermitian bimodules their tensor 
product is the closed subset of (^4, C) generated by the elements of the form yx, x e 
X,y e Y. The resulting Hermitian bimodule will be denoted by YX. If now 
X' C [A, B) and Y' C (5, C) are two further Hermitian bimodules and if 5" is a 
bimodule homomorphism from X to X' having an adjoint S* in the sense that 

x'*Sx = {S*x'yx, xeX, x' G X'. 

and T is a bimodule homomorphism from Y to Y' then T ® S is bimodule 
homomorphism from YX to Y' X' . Furthermore, if o denotes the composition of 
bimodule homomorphisms then we have 

(T' ® S') o{T®S) = {T' o T) ® {S' o S), 

whenever the right hand side is defined. The set of such bimodule homomorphisms 
forms a 2-C* -category. 

Note that if we take a C*-category with a single object, i.e. a unital C*- 
algebra. A, and take C7 as our distinguished C*-subalgebra then the resulting 
2-C*-category is just the tensor C*-category of Hilbert spaces in A. 

Another interesting special case is to take the distinguished C*-subalgebra of 
[A, A) to be (A, A) itself, for each object A. The resulting 2-C*-catcgory then 
depends intrinsically on the C*-category we started from and each of the associated 
bimodules X e {A,B) is bi-Hermitian in the sense that X has a second inner 
product x'x* taking values in {B,B) and 
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where the identity is regarded as relating the two inner products and the module 
actions. 

After these illustrative examples wc turn to the concept of conjugation for finite 
dimensional o-units. If T is a 2-C*-category then we can define a full 2-C*- 
subcategory 7} by saying that a o-unit p is in 7} if there exists a o-unit p and 
R e (m, pp) and R G (ig, pp) such that 

R* ®lpOlp®R=lp-, R* ®lp o Ip ® R=lp. 

Here la and lb are the right and left (H)-units of p. These equations will again 
be referred to as the conjugate equations. With this definition there are obvious 
analogues of the results of Section 2 whose exact formulation can be left to the 
reader. There are also obvious analogues of the results of Section 3 provided lj^ 
and is are irreducible but the more challenging task is to provide analogues without 
making this assumption. 

Here we shall content ourselves with showing that the formalism of 2-C* -categories 
that has been developed here allows one to interpret the Jones index of an inclusion 
of factors as the square of the dimension of a suitable o-unit in a 2-C* -category. 
The most obvious approach, namely to consider the inclusion as a o-unit in our 
motivating example of 2-C*-category, viz. the 2-C*-category of intertwining op- 
erators of morphisms between elements of a given set of unital C*-algebras fails 
in general because the conjugate fails to exist in this 2-C*-category. Instead, we 
need the generalization, discussed above, where we allow intertwiners between mor- 
phisms into matrix algebras over the given set of C*-algebras. 

Let C be an inclusion of factors with finite index and let Ali = ej\f) 
be the basic construction. Then the existence of a Pimsner-Popa basis provides 
one with an isomorphism of A^i with a reduced subalgebra of some Mn{Af) and 
hence the inclusion of Ai into Aii provides a morphism of Ai into Mni^M). This is 
a o-unit in our category and is a conjugate for the o-unit coming from the original 
inclusion. More specifically, & M., i — 1,2, . . .n denotes the Pimsner-Popa 
basis[21] and p denotes the inclusion of N into Al, then p, a morphism of M. into 
Mn{N) is given by: 

Pij{m) = Ej^{^i*m^j), 

where Ej^ is the conditional expectation of M. onto Af appearing in the definition 
of the Pimsner-Popa basis. We get a solution R, R of the conjugate equations for 
p by setting 

Ri = ^i*; Ri = 

Computing wc sec that R* oR = 1^ and R* oR = CiCi*- Furthermore the image 
of the Jones projection e_\f in M^(A/') is just Ro R*. Hence bearing in mind that 
the inequality of Lemma 2.7 is best possible and the Pimsner-Popa characterization 
of the Jones index[21], we see how the index defined by Jones for an inclusion of 
type //i-factors fits into the framework considered here. When the inclusion p is 
irreducible, in particular when the index is less than 4, the Jones index is just d{p)'^. 
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Appendix 

In this appendix we give a canonical procedure for completing a 2-C*-category T 
to give a 2-C*-category C(T) having (finite) direct sums and subobjects. Before 
describing the construction, we remark that it may, at times, prove more convenient 
to think of completion in other terms. Thus in the von Neumann algebra context 
one might prefer to tensor with an infinite factor M , passing for example from 
End>f to End(A4 ® A^). 

We first discuss how to add subobjects. The resulting 2-C*-category has as 
elements triples (F,T,E) of elements of T, where E and F are projections and T o 
E = T = FoT. The composition laws are defined as follows: (F, T, E) o (F', T', E') 
is defined if and only if F' = E when the composition is {F, T o T' , E'). (F, T, E) ® 
{F', T', E') is defined if and only if E^E', F^ F' and hence T®T' are defined 
and the composition is given by (F, T, E) ® {F' , T', E') ^ [F ® F' ,T ® T' , E®E'). 
The adjoint is of course given by (F, T,E)* = (F, T*, F), and ||(F, T, F)|| = ||T||. 

Obviously, (F, F, F) is a right and (F, F, F) a left o-unit for (F, T, F). If A and B 
are right and left (8)-units for F, respectively, then {A, A, A) and {B, B, B) are right 
and left (8)-units for {F,T,E). Hence, the set of (8)-units remains unchanged and 
the (^-composition of o-units is a o-unit. To show that we have a 2-C*-category, 
it only remains to check the interchange law and that commutes with taking 
adjoints and this will be left to the reader as an exercise. 

To add direct sums, we take as elements of the completed 2-C*-category finite 
matrices with entries from the original 2-C*-category, where the ij-th. entry 
has a right and left o-unit depending just on j and i, respectively, o-composition 
is now given by matrix multiplication, 

j 

and is defined provided (each) Xij o Yjk is defined. Note that the entries of X all 
have a common left and a common right (8)-unit. Hence it is obvious when X X' 
is to be defined and we set 

{X (g) X')ii>Jj/ = Xij Xi'jr, 

where for formal reasons, we should use lexicographic ordering. The ®-units remain 
the same but considered as 1 x 1-matrices. The o-units are matrices whose off- 
diagonal elements are zero and whose diagonal elements are o-units. Hence the 
^-composition of o-units is again a o-unit. As one would expect for matrices, the 
adjoint is defined by {X*)ij = (Xji)* and the norm is defined in the same way as 
for a matrix of bounded operators. It will again be left to the reader to check the 
interchange law and that <S> commutes with taking adjoints. 

It is easy to check that every o-unit in the completed category is, in an obvious 
sense, a finite direct sum of o-units from the original 2-C*-category. Furthermore, 
one can again check easily, that if a 2-C*-category has (finite) direct sums, then 
it continues to have direct sums after adding subobjects as above. Thus we have 
a canonical procedure for completing a 2-C*-category with respect to finite direct 
sums and subobjects if we first add direct sums and then add subobjects, as above. 
We denote the resulting 2-C*-category by C(T). It is obvious that a 2-*-functor 

171 1 „. o r^* — , — ; — — J- ]„ ;„ „ „ ™ „ o * .j- — /^l' T7i\ 
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between their respective completions. Of course, in the special case that F is a 
tensor *-functor, C{F) will also be a tensor *-functor. 
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